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Abstract
New microscopic theories for describing dynamics in polymer nanocomposites are developed and
applied. The problem is addressed from two distinct perspectives and using two different theoreti-
cal approaches.
The first half of this dissertation studies the long-time and intermediate-time dynamics of
nanoparticles in entangled and unentangled polymer melts for dilute particle concentrations. Us-
ing a combination of mode-coupling, Brownian motion, and polymer physics ideas, the nanopar-
ticle long-time diffusion coefficients is formulated in terms of multiple length-scales, packing
microstructures, and spatially-resolved polymer density fluctuation dynamics. The key motional
mechanism is described via the parallel relaxation of the force exerted on the particle controlled by
collective polymer constraint-release and the particle self-motion. A sharp but smooth crossover
from the hydrodynamic to the non-hydrodynamic regime is predicted based on the Stokes-Einstein
violation ratio as a function of all the system variables. Quantitative predictions are made for the
recovery of the Stokes-Einstein law, and the diffusivity in the crossover regime agrees surprisingly
well with large-scale molecular dynamics simulations for all particle sizes and chain lengths stud-
ied. The approach is also extended to address intermediate-time anomalous transport of a single
nanoparticle and two-particle relative diffusion.
The second half of this dissertation focuses on developing a novel dynamical theory for a
liquid of infinitely-thin rods in the presence of hard spherical obstacles, aiming at a technical and
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conceptual extension of the existing paradigm for entangled polymer dynamics. As a fundamental
theoretical development, the two-component generalization of a first-principles dynamic mean-
field approach is presented. The theory enforces inter-needle topological uncrossability and needle-
sphere impenetrability in a unified manner, leading to a generalized theory of entanglements that
includes the sphere excluded volume effect. Coupled self-consistent equations for the generalized
diffusion tensors are constructed, and the expressions for the transverse localization lengths and
the long-time diffusion coefficients are derived. In the static sphere limit, we find the effective
tube diameter is generally reduced as a function of a single confinement parameter that quantifies
the number of particles penetrating into the pure-polymer tube. A preliminary extension to treat
flexible chain melts has also been achieved, and shown to agree reasonably well with simulations.
The anisotropic needle diffusion constants are rich functions of the length-scale ratios, needle
concentration and particle volume fraction. We show that the steric blocking of the longitudinal
motion causes a literal and simultaneous localization of the two diffusion channels, and entangled
needles can diffuse via a modified reptation dynamics over a window of polymer concentration
but the compression of the tube and the blocking of the reptation motion must be accounted for.
Generalization to treat mobile spheres is also possible and fully formulated.
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This dissertation discusses the development of the first microscopic theories for the dynamics
in polymer nanocomposites (PNC). The problem is addressed from two distinct perspectives,
nanoparticle (NP) dynamics and polymer dynamics, using different theoretical approaches. The
former is built upon well-established frameworks in the dilute NP regime that enables various lev-
els of extensions to be formulated. The required polymer dynamics is described using established
pure polymer theories. In contrast, the latter focuses on the finite NP concentration regime, where
the conventional polymer dynamics is expected to break down and require modification. It there-
fore involves more fundamental theoretical development, and aims at the qualitative extension of
the existing theoretical paradigm for unentangled and entangled polymer dynamics. While the
construction is done at a minimalist-model level, a number of qualitatively new predictions will be
presented.
Below, we briefly introduce the common background and scientific goals for the above prob-
lems. The current phenomenlogical, coarse-grained description of pure-polymer entanglement
dynamics is first summarized, and then leading open questions for the nanoparticle and polymer
dynamics in nanocomposites are presented. The plan for the dissertation is formulated in the final
section.
1
1.1 Entangled Polymer Dynamics
For relatively short-chain linear polymer melts, polymer dynamics is described by the classic
Rouse model which coarse-grains polymer structure at the level of statistical segments or “beads”
of size (σ ≈ nm), beyond which Gaussian statistics for polymer conformation applies [1]. This
sets a Brownian time-scale, τ0 = σ2ζ0/kBT , and the short-time (segmental) friction coefficient, ζ0,
which encodes intermolecular forces in a dissipative manner as balanced by random fluctuations.
Assuming the intra-chain distribution is Gaussian, one can derive analytic expressions for stress re-
laxation, long-time diffusivity, mean-square displacement, etc. [2]. The predictions are reasonable
for polymer melts where hydrodynamic interactions are screened and ideal chain statistics apply
per Flory’s hypothesis [3].
The dynamics of long-chain polymer liquids is, on the other hand, much more complicated due
to the uncrossability and connectivity of polymer chains, leading to the physics called topological
entanglement. Above a (smooth crossover) certain chain length (Ne) and density (ρe), these in-
termolecular dynamical constraints result in unique dynamical and viscoelastic properties where
the liquid behaves as a rubber on intermediate length and time-scale, as schematically shown for
the shear stress relaxation, G(t), in Fig. 1.1. While the short-time single-chain relaxation is de-
scribed by the Rouse dynamics, the inter-chain dynamic entanglement effect enters to greatly slow
down the polymer motion beyond a crossover time, τe = N2e τ0, and hence a rubber-like elasticity
emerges with a plateau modulus of Ge [4]. At a very long, N-dependent time (reptation time,
τrep ∝ τ0N3/N2e ), the polymers execute slow Fickian diffusion as triggered by the relaxation of
entanglement constraints. The representative experimental results are given via the chain-lengh
scaling of the viscosity and the long-time center-of-mass diffusivity, η ∝ N3.4 and D ∝ N−2.3, in
heavily entangled (large N) regimes [1, 2].
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Figure 1.1: Schematic representation of stress relaxation function, G(t), of entangled (N > Ne)
flexible chain melts. The short-time relaxation and the long-time entanglement relaxation are
shown by orange and green curves, respectively. If unentangled (N < Ne), the full response is
given by the dashed curve. Locations of the onset of entanglement effects (τe) and the terminal
relaxation time (τrep) are also indicated.
However, constructing a microscopic theory for entangled polymer dynamics involves many
formidable difficulties due to the many-body inter-chain dynamical constraints and non-random
packing, rendering a first-principles force-level approach seemingly infeasible. The current state-
of-the-art understanding therefore relies on a phenomenological, but successful, approach provided
by the reptation-tube model of de Gennes, Doi, Edwards and many others [2, 5, 6]. The theory is
based on the following ansatz: the many-body uncrossability constraint is assumed to be rep-
resented by an infinite harmonic potential confining the lateral motion of the polymer, and the
polymer is forced to move along a one-dimensional curvilinear path perpendicular to the direc-
tion of this confinement. The confined region looks like a “tube” of mean diameter dT , and the
long-time motional mechanism is called reptation (Fig. 1.2). For fully flexible polymers, the tube




Neσ (∼ 3 - 10 nm in melts). Based on the above ideas, the reptation-tube model
predicts D ∝ N−2 and η ∝ N3 and other relations [1, 2]. The reptation-tube theory also applies
to liquids of rigid rods [2], where the tube can be viewed as a cylinder (Fig. 1.3) and reptation
motion corresponds to the longitudinal motion that is essentially “free” or unaffected when rods
are sufficiently thin [2]. The representative predictions are given by the rod number density scal-
ings, dT ∝ 1/ρrL2 and D⊥ ∝ /D‖ ∝ (ρrL3)−2 (for ρr  ρe), and the validity of these ideas are
qualitatively confirmed for entangled rod solutions by simulations and experiments [7–10].
Despite its successes, strongly phenomenological aspects of the tube model approach, and
hence its fundamental assumptions, leave unavoidable ambiguities and challenges to understand
as addressed by recent studies [11–14]. For example, the softening and breakdown of the harmonic
form for the transverse tube confinement potential have been reported based on simulations [11–13]
and experimental measurements [14] of the transverse displacement distribution. Further elucida-
tion of the entangled polymer theory thus requires a more fundamental treatment of entanglement
physics.
A theoretical attempt has been offered by the dynamic mean-field approach of Szamel [15, 16]
for infinitely-thin rods, which is able to address rod polymer entangled dynamics in a force-
based microscopic manner. By exactly enforcing the uncrossability constraint in real-space at the
two-molecule level, and self-consistently including many-rod correlations, the theory has success-
fully derived the emergence of the tube, the tube diameter, and has shown quantitative agreement
with experiments and simulations for both transverse and rotational diffusion constants [7, 8, 17].
Sussman and Schweizer further generalized the theory to treat branched crosses [18], flexible
chains [19], and to derive the full dynamic tube confinement potential [17], showing both qual-
itative agreement with a number of tube-theory relations and quantitative agreement with experi-
ments on f-actin for the anharmonic tube confinement potential [11,17]. The success of this purely
4
topological model thus opens up new opportunities for theoretical development, and seems espe-
cially beneficial in the area of polymer nanocomposites where no clear phenomenological starting
point is available due to many complexities introduced by nanoparticles, as discussed in Sec. 1.3.
1.2 Nanoparticles in Polymer Melts
Understanding slow dynamics in complex fluids is a ubiquitous problem in materials science,
chemistry, condensed matter physics, and cellular biophysics, for which rich length-scale and time-
scale dependent behaviors occur due to length-scale asymmetry, interfacial forces, excluded vol-
ume, packing microstructure, etc.. Of particular interest to materials science is polymer nanocom-
posites (PNC), in which the addition of nanoparticles (NP) to macromolecular liquids can in-
duce strong modifications of their mechanical, optical, magnetic and other material properties
[20–22, 24, 25]. In the context of biophysics, protein motion and anomalous diffusion in crowded
environments has been widely studied in order to better understand cellular kinetics, for which
both in vivo and in vitro experiments have been carried out [26, 27].
In contrast to the above importance, theoretical understanding of such hybrid polymer-particle
systems is in its infancy. Primary technical difficulties arise from the presence of multiple length-
scales, dense packing, excluded volume, etc., as schematically illustrated in Fig. 1.4. For example,
polymer length-scales involve the segment size (σ ≈ nm ≈ physical mesh size in melts), radius
of gyration (Rg) and the tube diameter (dT ), all responsible for different dynamical mechanism
and introduces distinct length-scale ratio with the NP diameter (2R). Direct simulation methods
suffer from high computational cost associated with the above aspect, typically resulting in a lim-
ited parameter range being tractable to study (rather small particles and short polymers) [28–30].
This has motivated the development of various coarse-grained and phenomenological simulation
5
Figure 1.2: A cartoon that illustrates the standard coarse-grained representation of entangled poly-
mer chains. The tube diameter and the segment size are defined by arrows.
Figure 1.3: A schmatic representation for a liquid of entangled rods. The transverse and longitu-
dinal diffusion constants are denoted by D⊥ and D‖, respectively, and the tube diameter is defined
by arrow.
6
Figure 1.4: A cartoon for a single nanoparticle dissolved in an entangled polymer melt. Each arrow
represents a distinct length-scale present in this system.
approaches, e.g. multi-scale simulation methods or dissipative particle dynamics (DPD) [31–33],
in order to extend the accessible length- and time-scales. While the method has been applied to
various nanocomposite problems and can yield reasonable results [34–37], a unified description of
nanocomposites dynamics has not been established, and a full predictive understanding remains an
ongoing subject.
The above situation encourages the formulation of microscopic theoretical approach. The sim-
plest question to be addressed is a single nanoparticle dynamics in polymer liquids. Recent ex-
periments have shown that a nanoparticle can diffuse O(102) times faster than the hydrodynamic
Stokes-Einstein (SE) prediction when its diameter is smaller than or of order the tube diame-
ter [38, 39]. The study of this deviation dates back to the schematic argument by Brochard and
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de Gennes [40], which stated that the nanoparticle dynamics can be “decoupled” from the full
melt viscosity when they are freed from the entanglement mesh (hence 2R < dT ). The “local”
viscosity felt by NPs is then expected to be lower than the macroscopic Stokes prediction, and the
diffusion speeds up via a specific scaling relation with particle radius. The idea has started to be
confirmed by simulations [29, 41] for very small (2R/dT . 0.3) NPs, while different functional
forms seem to apply for semidilute solutions [42–44]. However, a full predictive understanding
and the description of all particle size regimes is yet to be achieved by this scaling approach.
Quantitative predictions are hindered by the absence of precise prefactors, and the prediction of
the sharp crossover to the SE law at 2R ∼ dT cannot be rigorous for actual entangled polymer
melts, where multiple dynamical regimes appear in a continuous manner and involve many length
and time-scales. Thus, the connection of NP motion to polymer dynamics is not well understood,
and the problem becomes more severe for NPs of practical size (2R∼O(10) nm, which are likely
in the continuous crossover regime), or for other shapes, intermediate-time dynamics, etc..
The first mission towards the goal of understanding nanocomposites dynamics is, therefore, to
establish a general microscopic framework to describe the motion of a single NP in polymer liq-
uids, including the role of multiple length-scales and other material-specific aspects (chain length,
polymer adsorption, etc.). Of particular interest is to understand the breakdown of the hydrody-
namic SE relation , or more generally, what is the dominant physical mechanism that determines
the NP motion for each particle size regime. To achieve this goal, we will use the microscopic
Mori-Zwanzig Generalized Langevin Equation (GLE) formalism [45] as a main theoretical ap-
proach. The GLE provides a general force-based dynamical method to relate the tagged NP mo-
tion to the relaxation of the polymer-particle force, allowing statistical knowledge of the particle
and polymer dynamics to be utilized. The latter force relaxation aspect is specifically studied via
a combination of Mode-Coupling Theory (MCT) [46,47] and polymer physics ideas, and required
8
Figure 1.5: Entangled needles in a matrix of spherical obstacles. The key length-scales, two diffu-
sion constants, and the pure-needle confinement tube (diameter dT,0) are shown.
structural inputs are obtained by Polymer Referense Site Interaction Model (PRISM) integral equa-
tion theory [48].
1.3 Rod-like Macromolecules in Obstacles
Polymer dynamics in nanocomposite system is even a less understood problem than nanoparticle
diffusion. The intrinsic difficulty lies in the description of entanglement physics; it remains un-
clear whether or how the reptation-tube model picture can be extended to composites due to its
strongly phenomenological aspects. Specifically, the presence of multiple length-scales, internal
polymer-particle interfaces, and the finite excluded volume of NPs render unknown the validity of
the reptation ansatz and the nature of an effective confinement tube. The most fundamental ques-
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tions to address include how the apparent tube diameter (transverse polymer localization length),
which controls elasticity and long-time dynamics in pure polymers, is modified in PNCs, and how
the dynamical picture of reptation changes in composites due to the excluded volume of particles.
These questions have begun to be studied only very recently via experiments and simula-
tions [37, 49–54]. The apparent tube diameter has been studied for flexible chain melts and rela-
tively large (2R > dT ) NPs, and it has been found that NPs reduce the apparent tube diameter, with
a crossover from polymer entanglement to NP-controlled confinement occurring at high NP vol-
ume fractions [50, 51]. Interestingly, the coherent single polymer structure factor measused with
neutron spin echo spectroscopy appears to follow the reptation-theory prediction once appropriate
dT is chosen, suggesting the pure-polymer reptation motion may sometimes hold in composites.
However, no systematic study as a function of chain lengths, NP size, etc. has been reported, and
the full dynamical behavior is not understood. A separate investigation has been done for the latter
dynamical problem via measurements of the chain center-of-mass diffusion constant for a range of
chain lengths, NP size and particle-polymer interaction in melts [52–54]. Here, retarded polymer
diffusion was generally observed, but neither the above tube reduction effect nor the other proposed
mechanism seems to provide a unified scenario. No microscopic theory, or even phenomenological
theory, exists for these problems.
The simplest system to begin addressing the above questions is a liquid of rigid rod-like macro-
molecules dissolved in a matrix of spherical obstacles. While the original motivation comes from
PNCs, such systems are relevant to a broad class of soft-matter systems such as the anomalous
transport of proteins in crowded cellular environments [26, 27], colloidal motion in filamentary
gels [55], and motion of stiff biopolymers or carbon nanotubes in porous media [14]. The rod
dynamics are characterized by various length-scales (rod length L, particle diameter 2R, interpar-
ticle separation Rφ−1/3s , and the tube diameter dT ; see Fig. 1.5) and the anisotropic diffusion
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constants (transverse and longitudinal, or D⊥ and D‖). The latter two probe distinctive aspects of
the nanoparticle excluded volume effect on the polymer entanglements. One expects the lateral
polymer motion would be strongly hindered due to the additional confinement forces (hence the
tube diameter would be reduced), while the longitudinal reptation motion could be also surpressed
if the contour is blocked by particles (Fig. 1.5). The central questions to be addressed are thus:
what is the role of nanoparticle excluded volume constraints on the tube diameter and the long-time
diffusivity of the polymer, and how is the dynamical picture of reptation changed compared to the
pure polmers, or is it rendered moot?
We will address the above problems based on an extension of the dynamic mean-field theory
for entangled needle liquids [15, 16] briefly discussed in Sec. 1.3, which offers a unified first-
principles theoretical approach to describe topological entanglements and the excluded volume
effects. It is especially advantageous for the present nanocomposites questions where a number
of new variables must be introduced in a non-phenomenological manner. The effect of excluded
volume constraints, interfacial forces, length-scale asymmetry and micro-structural diversity are
of prime interest.
1.4 Plan for Thesis
The dissertation is organized as follows. The first three Chapters (Chap. 2 to 4) discuss dynam-
ical theories for nanoparticle transport in polymer melts. Chapter 2 begins with studying single-
nanoparticle diffusion in entangled and unentangled melts, and formulates the basic theoretical
framework. As an initial study, the focus is put on the simplest case where the nanoparticle motion
is slaved to the polymer liquid relaxation, a reasonable assumption for relatively large (2R ≈ 10
nm or larger) nanoparticles. This simplification is relaxed in Chapter 3, where particle self motion
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is included as a parallel channel of long-time force relaxation via the self-consistent Generalized
Langvein approach. Predictions are compared with those of Chapter 2, and direct quantitative
comparisons with molecular dynamics simulation are presented. In Chapter 4, the single-particle
theory is extended to treat two-particle pair diffusive dynamics in entangled polymer melts for
relatively large nanoparticles.
A theory for polymer dynamics is presented in Chapter 5 and 6. Chapter 5 focuses on the
development of the two-component generalization of the dynamic mean-field approach. While the
theory is first formulated for a general mixture, the main analytic results are specialized for rod-
sphere composites where general self-consistent expressions for the long-time diffusion constants
and transverse localization lengths are derived. We then focus on the case of static spherical ob-
stacles in Chapter 6 and discuss many detailed theoretical predictions. The first half of Chapter 6
studies the transverse localization length and dynamic tube confinement potential; a preliminary
extension to flexible chains is also presented and compared with experiments and simulations. The
second half presents results for the anisotropic diffusion constants of rods. The central goal is
to explore unique dynamical features in both unentangled and entangled regimes, and identify a
modified dynamical picture for the reptation dynamics applicable to composite systems. Chapter
7 concludes the dissertation with perspectives on future directions. A few preliminary results that
go beyond Chapter 6 and relax the frozen obstacle condition are presented.
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Chapter 2
Single Nanoparticle Diffusion in Entangled
and Unentangled Polymer Melts
2.1 Introduction
The diffusion of nanoparticles in complex fluids and gel networks is a problem of broad impor-
tance in materials science, cellular biophysics, and even drug delivery [1-8]. In molten polymer
nanocomposites, particle mobility is crucial for determining mixture viscosity, shear elasticity,
phase separation kinetics, and potentially even the healing of cracks [1,5-10]. In biophysics, the
motion of proteins in crowded cellular environments where the polymeric matrix exhibits both
physical and mechanical porosity is a ubiquitous problem [2-4]. Of particular interest to us are
systems where the particle is large compared to the Angstrom-level chemical length scales of a
polymer matrix, but small relative to macromolecular dimensions and comparable to the mechani-
cal mesh or entanglement tube diameter (dT ) [11,12]. Of course, the classic hydrodynamic Stokes-
Einstein (SE) result applies in the large particle limit [13]. However, what length-scale-dependent
mechanism(s) determine the breakdown of the SE law is not well understood.
The present work addresses the diffusion of a single spherical nanoparticle dissolved in an un-
entangled (short-chain) or entangled (long-chain) polymer melt. The experimental and theoretical
situation for this problem is rudimentary. We are aware of only two melt experiments, where the
nanoparticle diameters are ≈ 5-8 nm [5,7]. In entangled polymer liquids, diffusion is two orders
of magnitude faster than the SE prediction [5,7], and the intrinsic viscosity can be significantly
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reduced by particle addition contrary to continuum fluid mechanics [6]. On the other hand, in un-
entangled polymer melts the SE deviations seem very small [7]. Theoretical knowledge is largely
based on the qualitative scaling arguments of Wyart and de Gennes (WD) who propose large SE
violations for particles smaller than the entanglement length, and an extremely sharp crossover to
SE behavior for particles larger than dT [14]. This theory combines polymer physics ideas with the
(perhaps arguable) assumption that hydrodynamics applies all the way down to the entanglement
length scale. A conceptually similar, but technically more sophisticated, hydrodynamic analy-
sis has been performed by Ganesan et al [15] based on the concepts of a length-scale-dependent
viscosity and slip length. Most recently, Egorov studied this problem with a particular approxi-
mate form of mode coupling theory [16]. These latter two works do not explicitly treat entangled
polymers.
Our goal is to develop a testable microscopic theory (with numerical prefactors) of nanoparti-
cle mobility and the crossover to the SE behavior that is applicable to both unentangled and en-
tangled polymer melts, including the role of temperature, density, and polymer-particle interfacial
attraction. This is a difficult task because of the poor understanding of collective dynamic density
fluctuations in polymer melts. However, since there exist no microscopic theories for nanoparticle
mobility in the entangled regime, we feel that by exploiting general understanding of entanglement
phenomena, and adapting it to treat collective mesoscale density fluctuations, testable predictions
can be made. The following questions are addressed. Can one derive the mechanism of the SE
breakdown, and why is it so different in unentangled versus entangled polymer melts? At what
particle size is the SE behavior recovered? How does the non-hydrodynamic friction depend on
degree of entanglement, temperature, melt density and polymer-nanoparticle attraction? The the-
ory is quantitatively implemented and compared to experiment.
To provide context, we note there are multiple relevant length scales (see Fig. 1.4 for illus-
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tration): the nanoparticle radius (R), polymer segment size or monomer diameter (σ or d, re-
spectively, typically less than a nm), entanglement length (dT ≈ 3-9 nm in melts) and polymer
radius-of-gyration (Rg, can be as large as ≈ 100 nm). In contrast to typical gels or solutions, the
polymer density fluctuation correlation length in melts is small, of the order of a nm or less. One
can envision 5 dynamical regimes: (i) penetrant regime where the nanoparticle diameter is of order
or smaller than a nm, (ii) sieving regime, d  2R < dT , where the nanoparticle senses mechani-
cal porosity, (iii) intermediate crossover regime, dT ≤ 2R 2Rg, (iv) macromolecular crossover
regime, R ∼ Rg, and (v) hydrodynamic regime, R Rg. Here we are interested in all regimes
except (i), which has been studied by others [17].
The remainder of this Chapter is structured as follows. Section 2.2 presents the models em-
ployed and the theoretical approach for the non-hydrodynamic friction. Analytic, scaling-like
(but with numerical prefactor) predictions of nanoparticle mobility in different regimes, and their
crossovers, are derived in Section 2.3 for a continuum liquid structure model. Numerical calcula-
tions are presented in Section 2.4, and the role of local packing effects studied. The theoretical cal-
culations are compared with experiment in Section 2.5, and suggestions for future measurements
offered. The consequence of interfacial attraction on nanoparticle friction is studied in Section
2.6. This Chapter concludes with a brief summary (Sec. 2.7) and supplementary discussions (Sec.
2.8) where the following four topics are addressed: (A) the theoretical ideas underlying our micro-
scopic expression for nanoparticle friction, (B) validity of the assumption that polymer dynamics
controls the relaxation of polymer-mediated forces on a nanoparticle, (C) self-consistent analysis
of kinetic localization of particles in the limit that the entanglement network does not relax, and
(D) identification of differences between our theory and recent work of others.
18
2.2 Model and Theory
2.2.1 Model
We consider the self-diffusion of a single nanosphere in a polymer melt where 2R d ≈ 0.5-0.7
nm. Under this condition, it is reasonable to lightly coarse grain the atomistic polymer structure,
and an ideal freely-jointed chain (FJC) model (N interaction sites) is adopted [11]. The segment or
persistence length is denoted by σ , and Rg =
√
N/6σ . Typical Kuhn lengths are [11] lK ∼ 0.6-1.5
nm ≈ 2σ . For realistic N values, Rg varies from a few nanometers up to ≈ 100 nm. In polymer
melts (or concentrated solutions), the density fluctuation correlation or screening length is very
short, ξρ ≈ d ≈ σ  2R [18].
We model polymer liquid structure at two levels. The first is a structural continuum description
under athermal hard core conditions. This corresponds to assuming polymer segments pack ran-
domly around a nanoparticle, and the polymer melt collective density fluctuation static structure
factor, S̃pp(k), is characterized solely by its long wavelength limit, the dimensionless isothermal
compressibility, S̃pp(k)→ S̃pp(k = 0) ≡ S0 1 [13,19]. This is a reasonable zeroth order model
for mesoscopic nanoparticles, and will allow analytic results to be derived. We also apply the
Polymer Reference Interaction Site model (PRISM) integral equation theory [20] to study the role
of local packing and polymer-particle interfacial attraction on nanoparticle mobility, using a FJC
chain model with σ = 4d/3 and N =1000. Here, polymers interact via pure hard core repulsions
under melt-like packing fraction conditions, ηt ≡ ρNπd3/6 = 0.35−0.45, where ρ is the molec-
ular number density [20]. Per many prior PRISM studies of polymer nanocomposites [21,22],




 ∞, r ≤ R+d/2−ε exp[− r−(R+d/2)
α
]
, r ≥ R+d/2
(2.1)
where ε is the contact attraction energy between a segment and nanoparticle, and α is the spatial
range.
Chain entanglement introduces two key parameters: entanglement length or tube diameter,
dT ≈ 3-9 nm in chemically diverse melts, and the number Ne of monomers in an entangled strand,
defined, for example, as dT =
√
Neσ [11,23]. In the most general case, the relevant length and
energy scales are thus: R, d, dT (if entangled), Rg =
√
N/6NedT , α , and ε . Thermodynamic
variables include the thermal energy kBT , ηt and S0.
2.2.2 Dynamical Theory
The long-time particle diffusion coefficient has hydrodynamic and microscopic non-hydrodynamic
force contributions:
D = DHD +Dnon-HD. (2.2)
The additive form has been derived based on analyzing the long-time friction coefficient in terms
of the coupling to the transverse current mode and solvent density structural relaxation mode [17].
More generally, it arises in diverse contexts in polymer physics such as: (i) the competition between
hydrodynamic (solvent flow) mediated diffusion versus free draining Rouse dynamics in dilute
polymer solutions [11], and (ii) the probe motion in entangled polymer solutions on scales where
the physical mesh size and particle radius are not too different [24]. For pure polymer liquids, it is
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believed hydrodynamic interactions are screened on length scales inside the coil diameter [12,25],
although this does not logically require such screening of hydrodynamic effects with regards to
nanoparticle mobility.
For the hydrodynamic contribution we employ the Stokes-Einstein (SE) relation [13]:




where c = 4π or 6π depending on the particle-fluid boundary condition (we use c = 6π unless
otherwise noted), and ηfull is the full polymer melt shear viscosity which is modeled per experiment









where η0 is the “segmental viscosity” of a hypothetical N = 1 fluid. Eq. (2.4) is a minimalist
analytic model that properly captures the unentangled Rouse limit (N  Ne), the extreme entan-
gled limit (N  Ne) (within the reptation model), and the crossover at N = Ne. A more accurate
expression can be trivially adopted in our analysis below.
The non-hydrodynamic diffusivity in Eq. (2.2) is associated with direct polymer-nanoparticle






A formal starting point for computing ζnon-HD is the generalized Langevin equation for the motion
of a tagged particle as derived within the Mori-Zwanzig framework where the slow variables are
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dt 〈~F ·~FQ(t)〉, (2.6)
where ~FQ(t) is the total force exerted on the tagged particle by the surrounding polymers where
the time evolution is via the so-called projected dynamics.
The force-force time correlation function is approximately computed using the simplest for-
mulation of mode coupling theory (MCT) [13] based on three related simplifications: (i) the real
forces are projected onto a bilinear product of the particle density field and the collective poly-
mer site density field as the dominant slow mode, (ii) the projected dynamics is replaced by the
real dynamics (exact in the Brownian particle limit), and (iii) four-point correlation functions are










k2C̃2np(k)S̃pp(k)Γ̃nn(k, t)Γ̃pp(k, t). (2.7)
Here ρp is the polymer segment number density, C̃np(k) is the site-site nanoparticle-polymer direct
correlation function [21] which defines an effective force ~Feffnp (r) = −kBT ~∇rCnp(r), and Γ̃nn(k, t)
and Γ̃pp(k, t) are the nanoparticle and pure polymer melt normalized dynamic structure factors,
or propagators, defined below. PRISM integral equation theory relates S̃pp(k) and the Fourier
transform of the site-site total polymer-particle correlation function h̃np(k) as [21]:
h̃np(k) = C̃np(k)S̃pp(k), (2.8)
where end effects are neglected, and gnp(r) = 1+hnp(r) is the site-site nanoparticle-polymer radial
distribution function. This type of MCT captures only the local non-hydrodynamic friction, and
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does not recover the SE result in the large particle limit [28]. Our philosophy is to deduce the SE
crossover by establishing the condition when Eq. (2.3) equals Eq. (2.7), an operational approach
widely employed in polymer physics [11,24].
Since our focus is the 2R d regime, as a zeroth order simplification we employ the Brownian
motion idea that the forces exerted on the nanoparticle by the polymer solvent are relaxed via
structural relaxation of the latter [13]. Thus, the nanoparticle incoherent dynamic structure factor,
or propagator, is set to unity
Γ̃nn(k, t)≡ 〈ei
~k·[~R(t)−~R(0)]〉 ≈ 1. (2.9)
This simplification can be relaxed (see Sec. 2.8.2), which most certainly is very important for
2R dT . Such approach is discussed in the next section using the self-consistent Generalized
Langevin Equation method. The density fluctuation polymer dynamic structure at the segmental,






















where np and N are the number of polymers and chain degree of polymerization, respectively.
A full understanding of Γ̃pp(k, t) in polymer melts, especially for entangled chains, is an open
and difficult theoretical problem. Accordingly, knowledge of this quantity is the leading uncer-
tainty in constructing a microscopic theory, which strongly motivates our use of relatively simple
approximations for other aspects of the problem. To include both unentangled and entangled dy-
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namics we employ the following form:





















where D0 is the segment scale diffusion coefficient, S0 ≡ S̃pp(k = 0), and τrep is the slow chain
disentanglement (and stress relaxation) time. The first term in Eq. (2.12) describes collective
density fluctuation relaxation on relatively short time and length scales below dT for entangled
melts, and represents the entire answer for unentangled melts. Note these fluctuations relax in a
diffusive manner. The second term is constructed to model the long-time, slow relaxation due
to the entanglement dynamics on length scales beyond the mesoscopic tube diameter, a non-
diffusive process. It consists of three distinct factors. The temporal exponential decay represents
the relaxation of collective density fluctuations on all scales beyond the tube diameter which are
slaved to the slowest (reptation) relaxation mode. The remaining two factors describe the ampli-
tude of the slowly relaxing component of the density fluctuations that is coupled to stress relax-
ation, S0/Ne = Ge/KB ≡ GeκT , which is the ratio of the entanglement plateau shear modulus and
bulk modulus (inverse isothermal compressibility, KB = 1/κT ), while the Gaussian Debye-Waller
(DW) factor, exp(−(kdT )2/3π2S̃pp(k)), models the spatial dependence or constraint porosity of
the slowly relaxing density fluctuations. A technical caveat is that Eq. (2.12) is not normalized at
t = 0:










However, the error is negligibly small when used in the time integral of Eq. (2.7) since S0 and
Ne are typically of the order of 0.1 and 100, respectively [19,23]. A detailed discussion of Eq.
(2.12) is given in Sec. 2.8.1. The relevance of nanoparticle motion in relaxing forces (i.e., plau-
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sibility of Γ̃nn(k, t) ≈ 1) is tentatively considered in Appendices B and C from complementary
self-consistent friction and localization perspectives, respectively. A more complete study will be
presented elsewhere.































ζe(k)≡ ζu +ζe, (2.15)
where ηR = η0N, and the k-dependent friction factors, ζu(k) and ζe(k), have been defined. In the
language of MCT, these latter factors correspond to the product of the vertex, which quantifies the










where the ”u” and ”e” subscripts refer to unentangled and entangled contributions, respectively.
Note that S̃pp(k) rigorously cancels out in the unentangled contribution of Eq. (2.16a). In the
entangled contribution, the factor multiplying the DW factor involves the ratio S0/S̃pp(k). This
quantity has been set to unity in Eq. (2.16b) since the DW factor guarantees that only relatively
small wave vectors matter for which the polymer static structure factor is extremely well repre-
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Figure 2.1: An example of the amplitude of the unentangled friction contribution (solid, left axis)
and the entangled friction contribution (dash, right axis) as a function of wavevector for parameters
relevant to nanoparticles in polystyrene [5] (see text), a continuum athermal liquid structure, and
R = 3 nm. (Inset) The k-space entanglement friction contribution defined in Eq. (2.16b). Here S0
= 0.25, and calculations for a tube diameter (in nm) of 9 (dash-dot), 8 (dot), 7 (dash) and 6 (solid)
are shown.
sented by its k = 0 value; we have verified that adopting this results in negligible changes in our
calculations.
Equation (2.16) quantifies how equilibrium polymer-particle packing structure enters the fric-
tion constant in a length-scale dependent manner. In ζu(k), the amplitude is directly determined
by h̃np(k) = C̃np(k) S̃pp(k). At large wavevectors, S̃pp(k)→ 1 and C̃np(k) ∝ k−2. These consider-
ations, along with the diffusive nature of the decay of collective density fluctuation relaxation in
unentangled melts, results in ζu(k) varying non-monotonically with wavevector, peaking on a local
length scale controlled by the particle radius (see Fig. 2.1 for an example). In real-space language,
the unentangled contribution is sensitive to the local structure of polymers around the nanoparticle.
The entanglement contribution ζe(k) has a very different dependence on wavevector since dy-
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namical entanglement constraints are present only on mesoscopic length scales and relax non-
diffusively. Eq. (2.16b) is a product of the structural amplitude, k4h̃2np(k), and the Debye-Waller
factor. The former oscillates with a roughly k-independent amplitude, k4h̃2np(k) ∼ k0 (see Fig.
2.1), and the latter imposes a cutoff kcut '
√
3π2S0/dT which thereby selects the low-k part of the
amplitude on mesoscopic length scales well beyond the local structure scale. Thus, ζe(k) has a
well-defined peak at small k ∼ d−1T , which grows strongly as the tube diameter decreases (corre-
sponding to larger friction) as shown in the inset of Fig. 2.1.
We emphasize that the N and S0 dependences of ζe and ζu in Eq. (2.16) are very different. The
unentangled contribution is independent of both these variables, while the entanglement contribu-
tion depends strongly on N/Ne and S0. The temperature and polymer packing fraction dependences
enter via the equilibrium structure. Combining Eqs. (2.2), (2.3), (2.5) and (2.15), the SE violation






















where n≡ N/Ne. Equation (2.17) is a central result of this Chapter.
2.3 Analytic Analysis of the Athermal Continuum Structure
Model
2.3.1 General Results
We first investigate an athermal continuum structure fluid model (R d→ 0), which is expected to
be accurate when the nanoparticle diameter is significantly larger than local (nm) structural length
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scales. Note this model is distinct from a continuum (hydrodynamic) theory since the nanoparticle
is not assumed to be larger than the polymer molecules, nor even the tube diameter. Its potential
usefulness arises because polymers are relatively large objects with a rich length-scale-dependent
viscoelasticity, a situation not present for small molecules. This structural model is defined as:
gnp(r) =





where j1(r) is the spherical Bessel function of the first kind. With the monomer-scale packing
structure neglected, the polymer static structure factor is approximated by its k = 0 value:
S̃pp(k)' S̃pp(k = 0)≡ S0, (2.20)
where the dimensionless compressibility, S0 = ρpkBT κT , is a function of temperature, melt den-
sity, pressure and polymer chemistry, but N-independent for long chains. As emphasized previ-
ously, Eq. (2.20) is an essentially exact simplification for the entanglement friction since the rele-
vant wavevectors in the tube DW factor are relatively small, kdT < 1. The temperature dependence






where A and B are material-specific constants. For example, at atmospheric pressure, (A,B) =
(0.60, 1083 K) for polystyrene melts [19], so that S0 = 0.11 (0.23) at T = 300 K (400 K). Use of
this analytic structural model affords both mathematical simplicity and conceptual clarity for the
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question of SE violation. Moreover, the crossover to the SE behavior is expected to commence at
sufficiently large particle diameters that first-principles numerical approaches are likely impractical
in highly entangled polymer melts.

























































Note that only experimentally known quantities enter Eq. (2.23), and hence it should be directly
testable. Moreover, it may also be useful as a data fitting tool to extract an effective nanoparticle
diameter for complex particles that carry surface grafted chains (often required for dispersion)
where the radius is typically not accurately known.
2.3.2 Unentangled Melts












The R3 scaling is a direct consequence of the diffusive relaxation of collective density fluctuations,











where κ ≡ kR. The predicted N-independence in the absence of entanglement could be definitively
tested via special simulations of long chain melts where topological entanglements are disabled by
hand [30]. We now ask at what particle size, R = R∗, is the hydrodynamic SE relation applicable
for unentangled melts? In small-molecule liquids, classic thinking suggests that R∗ is of the order
of the molecular diameter [13,28]. Applying this viewpoint to polymers, one might guess R∗ ≈ Rg.
This result has been qualitatively verified via simulation for unentangled polymer melts [15]. To
provide a quantitative answer, we determine the SE crossover as when ζnon-HD = ζSE. Using Eqs.













= 1 ⇒ R∗ = 3
2
Rg. (2.26)
Our prediction of R∗ ≈ Rg thus seems very reasonable. However, we emphasize that based on our
quantitative analysis, significant SE violation in real unentangled polymer melts does not seem
likely. Recalling a typical value of Rg for unentangled polystyrene melts is ∼ 1-3 nm (≈ 3 nm for
N = Ne), D/DSE is predicted to range only from ∼ 1 to 3 for R≥ 3 nm. To achieve D/DSE= 100,
for example, requires the particle size to be extremely small (R/Rg ≈ 1/7), which invalidates our
Brownian approach and would correspond to nanoparticles smaller than a monomer. Our conclu-
sion seems consistent with a recent experiment using R =2.5 nm nanoparticles in an unentangled
polymer melt where the SE violation was found to be extremely small [7].
The scaling law of Eq. (2.24) (without prefactors) was previously obtained by Wyart and de
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Gennes (WD) in a different context based on a length-scale dependent viscosity argument and
the known behavior of single chain Rouse modes [14]. They assumed nanoparticle motion is
unaffected by tube constraints if R < dT , and the local viscosity is linearly related to the number of
monomers commensurate with particle size. The latter scales as∼ (R/σ)2 in an unentangled melt,
thereby yielding a microviscosity experienced by the particle of η ∝ η0(R/σ)2. This corresponds
to ζ ∝ ηRR3/R2g based on the assumption the hydrodynamic Stokes law can be used to estimate
nanoparticle friction. However, there seems to be conceptual differences between the WD analysis
and our theory which is based on a mode coupling calculation of the non-hydrodynamic friction.
First, Eq. (2.24) has been derived based on the direct forces in unentangled melts and is not tied
to the regime R < dT . Second, the SE law, the validity of which is uncertain when R < Rg, is not
used in our analysis. Third, in our analysis the relevant polymer dynamics is collective density
fluctuations, not single-chain Rouse dynamics. We will make further comparison between the two
theories in later sections.
2.3.3 Entangled Melts
For entangled melts, n≡ N/Ne > 1, and both friction contributions in Eq. (2.22) are relevant. We
first discuss the heavily entangled limit (n 1) and derive various scaling laws with numerical
prefactors, including for the SE crossover and whether it is qualitatively different than found for










This appears to be a novel scaling prediction, not in agreement with the WD suggestion [14] that
the SE result is effectively valid immediately as particles become larger than the tube diameter.
31
For example, Eq. (2.27) predicts D/DSE ' 10 at R = dT for S0 = 0.25. Curiously, the square
dependence on radius was obtained for simple fluids based on the same type of simple MCT we
have employed [28]. Interestingly, it also is what was found [24] via simulations and qualitative
arguments for nanospheres in entangled rigid rod solutions when the particle is larger than the
physical (polymer density fluctuation) mesh length but smaller than Rg.










Note that ζSE ' 6πηRn2R for heavily entangled melts, so from Eq. (2.27) the SE violation is






which is ≈ 5 to 10 for typical melt dimensionless density fluctuation amplitudes of S0 = 0.10-
0.25. So, in principle, we agree with WD [14] that the SE crossover is not tied to the particle size
exceeding the polymer radius of gyration. However, our numerical prediction for R∗ is large for
heavily entangled polymer melts. For example, since Rg ∼ 30 nm for a N/Ne = 100 melt and dT
= 8 nm for polystyrene, R∗ could be very large (∼ 40 nm or above) and hence SE breakdown can
commence at particle radii above Rg. Of course, the quantitative aspects are non-universal due to
the polymer chemistry dependence of parameters such as dT [11,23].
The opposite limit, R dT , is a difficult regime to realize since it requires 2R d for the
Brownian approximation to be reasonable, and thus d/2 R dT , which is a narrow (perhaps
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In order to obtain a ratio of D/DSE = 100, Eq. (2.30) predicts R/dT ≈ 0.36 is required for S0 =
0.25. This seems to be a reasonable result since R ' 3 nm and dT = 8 nm, parameters relevant to
the recent experiment [5] on entangled polystyrene that observed a two orders of magnitude SE













= 1 ⇒ R∗/dT ' 0.46/
√
S0. (2.31)
For realistic melt dimensionless compressibilities, Eq. (2.31) predicts a crossover value of R∗
sufficiently large that it violates the restriction thatR dT . Hence, no SE crossover is expected and
the non-hydrodynamic contribution dominates when R dT , as will also be shown numerically in
the next section. As a caveat concerning Eq. (2.3), we emphasize the potential difficulty in realizing
the d/2 R dT regime, the likely importance of crossover smearing effects, and the breakdown
of our assumption that constraining forces are relaxed only by polymer motions (as discussed in
Appendices B and C). We suspect this is why recent simulations [8] on weakly entangled melts do
not observe the behavior in Eq. (2.30). Self-consistent inclusion of particle motion as a mechanism
for relaxing polymer forces likely dominates in this regime resulting in little or no entanglement
trapping, as qualitatively argued in Refs. [14] and [31]. This analysis is conducted in Chapter 3,
where we indeed observe the breakdown of the currently adopted constraint-release picture. The
R dT and R dT regimes are connected by a smooth crossover. An analytic estimate for its
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= 1 ⇒ R/dT ' 0.29/
√
S0. (2.32)
This implies the sensible result R/dT ≈ 0.57 to 0.90 for typical melt values of S0. Thus, a rapid,
but continuous, growth of D/DSE as described by Eq. (2.30) (ζnon-HD ∼ R6) is expected to emerge
for R below dT .
2.3.4 Unentangled vs. Entangled Friction Crossover
Based on the above scaling laws, the relative significance of the unentangled versus entangled
contributions can be estimated as a function of the degree of entanglement. The two contributions















Note that the R/dT -dependence of n∗ is weak and positive (grows with R/dT ) in the former case,
while it is stronger and negative in the latter. This suggests that n∗ is a non-monotonic (and asym-
metric) function of R/dT . However, in a typical experimental window of R/dT = 0.25-16, we
estimate n∗ ≈ 3 to 6, which is not very variable.
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2.4 Athermal Limit: Model Calculations
2.4.1 Continuum Structure and Entangled Systems
We now present numerical calculations of the SE violation ratio, D/DSE, using Eq. (2.23) and
the continuum structure model. Fig. 2.2 shows the effect of changing the degree of entanglement,
n ≡ N/Ne, at fixed R/dT . Increasing n shifts the weight from the unentangled contribution to
the entangled contribution in both D and DSE. This initially results in monotonically increasing
violations of the SE relation with growing degree of entanglement, followed by D/DSE reaching
a plateau at larger n (≈5-10) as a signature of the heavily entangled regime. Fig. 2.2 shows this
crossover indeed happens in a narrow window of n, as suggested by the analytic analysis in Section
2.3.
In order to quantify the effect of particle size, we plot D/DSE as a function of R/dT in Fig. 2.3
for various values of n. Characteristic slopes related to scaling law predictions are indicated, and
the importance of crossover smearing effects is clear. The SE behavior is preserved for sufficiently
large R/dT in agreement with intuition, while violations emerge smoothly as R→ dT , and then ex-
hibit a rapid increase for R/dT ≤ 1. This continuous crossover is a result of our use of a spatially-
resolved Debye-Waller factor for the role of entanglement constraints in Eq. (2.12), and treatment
of unentangled and entangled friction in the same framework. The growth of D/DSEwith R/dT is
larger for longer (higher N/Ne) chains, but eventually saturates, roughly above n∼ 16. This oper-
ationally defines the heavily entangled limit where a universal R/dT -dependence corresponding to
the uppermost collapsed curve in Fig. 2.3 is predicted. This collapse reflects the asymptotic scaling
laws derived in Section 2.3: D/DSE ∼ R0 in the hydrodynamic limit, crossing over to ∼ R−1 as
R→ dT , and eventually approaching a R−5 dependence for R dT . However, with regards to the
latter we again emphasize the likely importance of self-consistently accounting for particle motion
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Figure 2.2: Stokes-Einstein violation ratio as a function of degree of entanglement as computed
from Eq. (2.22) for (top to bottom): R/dT = 0.25 (solid), 0.5 (dash), 1 (dash dot), 4 (dash dot dot),
16 (short dash), 64 (short dash dot), at fixed S0 = 0.25. The values of R/dT need to be interpreted
in terms of Rg in the unentangled regime (n 1).
as an alternative mechanism for relaxing forces.
The inset of Fig. 2.3 shows the SE violation as a function of the dimensionless amplitude
of polymer melt density fluctuations, S0, with all other variables held constant. The purpose of
this calculation is not to treat real polymer solutions since variation of concentration will also
change other variables, such as the tube diameter and mesh size. Moreover, our focus is melt-
like or concentrated solution conditions, not the semidilute regime (as recently discussed in [31])
where issues such as solvent quality and polymer and tube diameter swelling enter. Our goal is
to simply mimic variation of chemistry with regards to its influence on how local packing and
the density fluctuation amplitude modify our results under dense melt-like conditions. One sees
from Fig.3 that the SE violation increases with decreasing S0 . The origin of this trend is the
reduction of the frozen amplitude of total density fluctuations via a reduced Debye-Waller factor in
Eq. (2.12). Decreasing S0 corresponds to several experimental situations: lowering temperature,
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Figure 2.3: Stokes-Einstein violation ratio as a function of R/dT for entangled melts with (bottom
to top): n = 1 (solid), 2 (dash), 4 (dash dot), 8 (dash dot dot), 16 (short dash). S0 = 0.25 in all
cases. Lines of slope -2 and -5 are indicated for reference. (Inset) Same as main frame for different
values of S0 = 0.10 (solid), 0.25(dash) and 0.40 (dash dot) at fixed n = 16 which is representative
of the limiting heavily entangled behavior.
raising pressure, and increasing packing fraction.
Finally, the crossover to the SE hydrodynamic limit can be predicted. Based on the numerical
results in Fig. 2.3, DSE = Dnon-HD at R∗/dT ' 5 when n & 4. This corresponds to R∗/Rg ∼ 7
or smaller given R∗/Rg =
√
6/n (R∗/dT ). Therefore, the SE breakdown is expected to begin at
R & Rg in a practical sense, unless N/Ne is extremely large (e.g. ≈ 150) in which case R∗ can
become smaller than the polymer global size.
2.4.2 Role of Local Packing Structure
We now examine the effect of local packing under athermal conditions using PRISM theory with
the Percus-Yevick closure [20-22] to compute S̃pp(k) and h̃np(k). For illustrative purposes, plots
are presented using the parameters d = 0.75 nm, σ = 4d/3 and ηt = 0.4, which mimics polystyrene
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Figure 2.4: The nanoparticle-polymer site-site pair correlation function obtained from PRISM
theory with R = 3 nm and ε = 0 (solid), 1 (dash), 2 (dot) and 0 (dash-dot). The polymer melt
packing fraction is ηt = 0.40 for all cases except for the dash-dot curve for which ηt = 0.35.
(Inset) Fourier-transformed total correlation function, h̃np(k), obtained from PRISM theory for
R = 3 nm and ε = 0 (solid), 1 (dash), 2 (dot), 3 (dash-dot), 4 (dash-dot-dot), with ηt = 0.40. The
inset shows the surface excess as a function of interfacial attraction strength for R = 3 nm (solid)
and 6 nm (dash) at ηt = 0.40.
(PS) melts (S0 ≈ 0.25). Unless stated otherwise, n = 12, dT = 8, and R = 3 nm is used, motivated
by the PS experiments [5].
Figure 2.4 shows real space nanoparticle-polymer site-site pair correlation functions and the
corresponding Fourier transformed total correlation functions. The pure polymer melt dimension-
less collective static structure factor, S̃pp(k), is not shown since it has the standard form [13,20]
of a wide angle peak due to short range monomer scale packing at kd ∼ 7, with a crossover to a
nearly flat dependence, S̃pp(k)≈ S̃pp(0)≡ S0, for kd ≤ π . For the melt-like packing fractions we
study, ηt = 0.35, 0.40 and 0.45, the corresponding S0 = 0.45, 0.25 and 0.15, respectively. The
dynamically relevant wavevector scale is much smaller in h̃np(k) than S̃pp(k) since 2R d. As a
consequence, S̃pp(k) is essentially constant over the wavevector range where h̃np(k) is largest.
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Figure 2.5: Stokes-Einstein violation ratio calculated using PRISM structural input at ηt = 0.40
(solid) and 0.35 (dash-dot), with n = 12 and dT = 8 nm. Analogous D/DSE (dash and dash-dot-
dot) calculations using the athermal continuum structure model with distance of closest approach
modified from R to R+d/2 and S0 = S̃pp(k = 0)are also shown. A line of slope of -3.5 is indicated
which matches rather well our calculations at lower R, though this an apparent power law indicative
of a crossover regime. (Inset) The same plot for an unentangled case (n = 1/4).
The ratio D/DSE is calculated based on Eq. (2.17), and the numerical results, along with the
corresponding continuum structure analogs, are plotted for two polymer melt packing fractions in
Fig. 2.5. The differences between the SE violations computed based on the analytic continuum
structure model and its microscopic analog are quantitatively modest, with qualitative trends being
the same, including an apparent power law variation with a slope of ≈ -3.5. Interestingly, the
effect of local liquid structure and volume fraction are qualitatively different for unentangled and
entangled melts. As ηt increases from 0.35 to 0.40, the polymer liquid becomes less compressible
(decrease of S0) and the SE violation decreases in the unentangled case (n = 0.25), but increases in
the entangled case (n = 12). On the other hand, the R-dependence shows no qualitative differences
as the packing fraction or S0 is varied. As R increases, the effect of local packing correlations
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weakens and eventually vanishes, as it must since the continuum structure approximation improves
as R/dT grows. It is interesting that D/DSE increases as ηt grows in entangled melts. This may
seem counter-intuitive, and will be discussed in detail in the next section. In short, in the context of
our theory it is due the fact that the relevant physics is on the tube diameter, not local, length scale.
And this conclusion may be subject to change if one allows the particle self-motion as a channel
of force relaxation (discussed in next Chapter).
2.5 Comparison to Experiments
2.5.1 Theory versus Measurement
To the best of our knowledge, there are only two measurements of nanoparticle diffusion in poly-
mer melts. The first study was by Tuteja and Mackay [5], who employed CdSe quantum dots (core
radius of 2.2 nm) in an entangled polystyrene melt (dT = 8 nm) using x-ray photon correlation
spectroscopy. The nanoparticles were coated with oleic acid in order to disperse them. In dilute
solution where the corona chains are swollen, the hydrodynamic radius is 4.7 nm. The PS molec-
ular mass was 397 kD, corresponding to Rg ∼ 17 nm and n ∼ 12, and the tube diameter dT = 8
nm [23]. Experiments were performed from T = 130→ 160 ◦C. The effective nanoparticle radius
under melt conditions is not known. However, one expects deswelling of the corona chains, and
an effective radius of ≈ 3.0 - 3.5 nm [32].
Figure 2.6 plots the experimental results and theoretical calculations based on the analytic
version of our theory (athermal interactions, continuum packing structure). All the structural,
thermodynamic and degree of entanglement information required by the theory is taken from the
experiment, with R = 3 nm and R = 3.5 nm employed. Although precise numbers are sensitive to
R, our calculations bound the data quite well.
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Figure 2.6: Experimental [5] (squares) and theoretical values of D/DSE. In the theory, the
polystyrene (PS) experimental values of dT = 8 nm, n = 12 and S0 are employed. Calculations
for R = 3 nm (dash) and 3.5 nm (dot) are reasonable lower and an upper estimates of the effective
radius of the CdSe nanoparticles in PS melts. (Inset) The same experimental data (squares) plotted
as a function of S−5/20 with a linear fit; S0 is determined from T based on Eq. (2.21).
The temperature dependence of the SE violation ratio was also measured [5], and a clear trend
of increasing D/DSE from 162 to 271 was found as the liquid is cooled from 160 ◦C to 130 ◦C. The
physical origin of this quantitative, but significant, reduction appears puzzling and a mechanism
was not suggested. Our theory predicts qualitatively the same temperature dependence as a con-
sequence of the melt compressibility (density fluctuation amplitude), and hence the Debye-Waller
factor in Eq. (2.12), decreasing with cooling. This result is independent of R/dT for entangled
polymers. According to Eq. (2.30), D/DSE ∝ S
−5/2
0 in the limit of R/dT  1 and n 1. We test
this relation by re-plotting the experimental data in the inset of Fig. 2.4 in terms of S0, which is
converted from temperature using Eq. (2.21) for PS. We find good agreement with the theory. As a
sensitivity test, if R/dT is estimated from the slope and Eq. (2.30), we obtain R/dT = 0.46, which
suggests R' 3.67 nm for dT = 8 nm, a consistent result.
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The other melt experiment has been performed by Mukhopadhyay et al [7] using bare gold
nanoparticles (hydrodynamic R =2.5 nm) in polybutylmethacrylate (PBMA) melts. They mea-
sured the nanoparticle diffusion constant in both entangled (Rg ' 9 nm) and unentangled (Rg ' 1
nm) melts, which correspond to n' 7 and'0.1 based on an estimated tube diameter of dT = 7 nm.
Experiments were carried out at three temperatures, 51, 60, 67 oC, for which we estimate from Eq.
(2.21) S0= 0.156, 0.168, 0.177. The temperature-averaged values of D/DSE were approximately
250 and 2 for n = 7 and 0.1, respectively. These values agree surprisingly well with our calcula-
tions of D/DSE ' 204 (n = 7) and 1.2 (n = 0.1) based on using the experimental R = 2.5 nm. Note
the very small SE violations for the unentangled polymer melt.
The temperature dependence for the PBMA entangled melt appears to be weak and unsys-
tematic, in contrast to the PS system [5]. But, for the unentangled PBMA melt a weak trend of
decreasing SE violation upon heating was found. This is the same trend as observed for the en-
tangled PS system [5], but is not obviously consistent with our theory since S0 does not enter the
non-hydrodynamic friction constant for n 1 liquids.
As suggested by the results in Section 2.4.2, if the calculations in Fig. 2.6 are repeated using the
PRISM theory h̃np(k), modestly quantitatively larger D/DSE values are obtained. The theoretical
calculations (not shown) still bracket the experimental results within the estimated uncertainties of
R.
2.5.2 Caveats and Suggestions for New Experiments
We raise a few cautions concerning our numerical comparisons with experiments. First, our pre-
dicted values are sensitive to the choice of R/dT , which is not exactly known. The result of Ref. [7],
D/DSE ' 250, can be recovered by any choice of (R, dT ) that satisfies R/dT = 0.34 if n and S0 are
set to the experimental values. In addition, the continuum structure model may incur some error if
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nanoparticle-polymer attractions are present, as one might expect for bare gold particles. Although
the effect of adsorption on friction can be included (as discussed in Section 2.6), the theory will
always involve an error of unknown magnitude due to the statistical mechanical approximations.
For the above reasons we suggest the following new parametric experiments be performed to
better test the trends predicted by our theory. (i) For the same nanoparticle and melt polymer
system, measure the SE violation ratio under strongly entangled conditions as a function of R/dT
for values near unity. Such an experiment would test our prediction for the strong variation in this
crucial crossover regime, and would probe the validity or failure of the Brownian approximation
(see Sec. 2.8.2 and 2.8.3). (ii) For both entangled and unentangled polymer melts, establish how
the SE result is recovered with increasing particle size. This would test the distinct predictions in
the two chain length regimes and the results in Fig. 2.3. (iii) For a fixed polymer and nanoparticle
melt system, measure the change of the SE violation ratio as a function of temperature and/or
pressure over a wide range. Such experiments would test our prediction for how the amplitude of
the dimensionless compressibility, S0, affects (differently for entangled versus unentangled melts)
the SE deviations via the entanglement Debye-Waller factor in Eq. (2.12). Simulations would be
nice, but studying mesoscopic nanoparticles in heavily entangled melts is likely not feasible.
2.6 Role of Interfacial Attraction
For the large majority of one-component polymer liquids, the van der Waals idea [13] that inter-
molecular attractive interactions change thermodynamics but not local structure is well obeyed.
However, a nanoparticle immersed in a polymer liquid is akin to a mixture or fluid near a sur-
face, and unbalanced polymer-particle attractions can strongly modify polymer packing near the
particle and potentially larger length scales [21,22,33]. A key issue is the degree of adsorption or
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wetting at the interface, and its influence on friction. For unentangled polymers, one might ex-
pect local effects dominate, and adsorption increases the non-hydrodynamic friction, which would
then reduce the SE violation ratio. Indeed, simulations on atomic models [34] and nanoparti-
cles in unentangled and weakly entangled melts [35] do find this trend regardless of whether the
nanoparticle has a smooth or rough surface. However, in entangled liquids the non-hydrodynamic
friction has the dominant contribution from structure and dynamics on the mesoscopic tube diam-
eter length scale. Here, a less familiar question arises: how does the nanoparticle friction depend
on rather long-wavelength interfacial polymer density fluctuations? This question is related to
wettability in a more macroscopic sense, and its possible role in determining SE violations is a
unique consequence of using entangled polymers as the suspending medium. Will such longer
range fluctuations enhance the non-hydrodynamic friction or reduce it? In this section, we study
these questions using the PRISM theory of the polymer-particle packing structure as input to our
dynamical approach.
The same (polystyrene experiment motivated [5]) parameter set is used for d, N/Ne and ηt as
in Section 2.4, and we employ an attraction range of α = 0.5d. We assume the SE hydrodynamic
diffusion constant is unchanged by interfacial attraction. One might expect small differences arise
from whether an effective slip or stick boundary condition applies, but atomic liquid simulations
[34] do find it is the non-hydrodynamic (collision) diffusivity that is most sensitive to solute-solvent
attractions due to local changes in packing.
The examples of gnp(r) shown in Fig. 2.5 demonstrate the expected significant increase of
polymer density close to the particle surface with growing attraction strength, ε . The more subtle
ε-dependence of h̃np(k) is shown in the inset. Interestingly, the relatively low wavevector regime is
extremely sensitive to adsorption strength, and even the k-dependence can change. Moreover, the
absolute magnitude of h̃np(k) at small wavevectors decreases with attraction strength, a signature
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of the partial cancellation of the consequences of repulsive and attractive interactions on large-
scale fluctuations. On the other hand, at the high wavevectors corresponding to local packing, the
variations are much weaker and opposite (increasing) in dependence on attraction strength. This
trend reflects the fact that the cage peak grows with ε due to enhanced polymer adsorption.
Model calculations of D/DSE as a function of ε are shown in Fig. 2.7. For relatively small
n ≤ 4, D/DSE (non-hydrodynamic friction) decreases (increases) monotonically with attraction
strength, in agreement with local packing physics intuition and simulations on atomic liquids and
unentangled and lightly entangled polymer-particle melts [34,35]. Although the quantitative ef-
fects depend on R, d and ηt , we have confirmed the same trend for different parameter sets. The
physical mechanism underlying this behavior follows from the discussion in Section II. As shown
in Fig. 2.8, the k-dependent friction function, ζu(k), peaks on local scales (large k) which increase
monotonically with ε since gnp(r) grows near contact. Hence, upon k-integration in Eq. (2.17), the
unentangled contribution leads to a monotonic reduction of the SE violation ratio with ε , a reflec-
tion of changes of local packing. It is also interesting to note from Fig. 2.8 that the ε-dependence
reverses at a multiple of k ∼ π/(R+d/2) (' 0.93 nm−1 for R = 3 nm), where the repulsive con-
tribution from the hard core exclusion constraint is most emphasized. The relative sensitivity to
local attraction is reduced, resulting in almost universal crossing points of the curves for different
attraction strengths.
In qualitative contrast to the short chain melt behavior, if the attraction strength is increased at
fixed R in strongly entangled liquids (e.g. n = 16 or 100 in Fig. 2.7), D/DSE shows a weak growth
with increasing interfacial attraction. This seemingly counter-intuitive trend does eventually re-
verse at an attraction strength beyond what is shown in Fig. 2.7 whence D/DSE monotonically
decreases. Figure 2.9 demonstrates that the ε-dependence of the SE violation gradually disappears
as R becomes large. These behaviors are explained by the k-space structure of the entanglement
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Figure 2.7: Stokes-Einstein violation ratio as a function of polymer-particle attraction strength ε ,
with R = 3 nm,dT = 8 nm and ηt = 0.40 at (bottom to top): n = 1/4 (solid), 1 (dash), 4 (dot), 16
(dash-dot) and 100 (dash-dot-dot).
friction, ζe(k), which is determined by the coupling between its amplitude, k4h̃2np(k), and the expo-
nential cutoff (Debye-Waller) factor (see Eq. (16b)). The former defines the relevant length-scale
and associated ε-dependence of effective polymer-particle forces. From the inset of Fig. 2.8, one
sees that it is not too different from ζu(k) except the peaks are enhanced at large k. However,
this amplitude is exponentially cut off such that only the relatively small wavevector region below
kcut ≡
√
3π2S0/dT (∼0.34 nm−1 for PS) contributes, and hence the overall wavevector peak shifts
to the mesoscopic region where adsorption reduces the friction (see Fig. 2.10).
Of course, the non-intuitive trend discussed above becomes weaker as kcut grows relative to
1/R since more of the large k, intuitive behavior is probed in ζe(k). The inset of Fig. 2.10 verifies
that if dT decreases, and hence kcut increases, a competition between the intuitive and non-intuitive
ε-dependences emerges in ζe(k), resulting in an effective cancellation of the effect of interfacial
attraction on the non-hydrodynamic friction. The same scenario applies to the effect of increased
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Figure 2.8: The amplitude of the unentangled friction of Eq. (2.16a) for R = 3 nm, ηt = 0.40 and
(top to bottom at low k): ε = 0 (solid), 1 (dash), 2 (dot), 3 (dash-dot), 4 (dash-dot-dot). (Inset) The
amplitude of the entanglement friction, k4h̃2np(k), for the same parameter set and labeling scheme.
particle size, which is demonstrated in Fig. 2.9. Note also from Fig. 2.10 that the magnitude of
ζe(k) is amplified with increasing kcut, and thus the change of the non-hydrodynamic diffusivity
becomes invisible compared to the hydrodynamic contribution.
In summary, we predict that since enhanced polymer adsorption has opposite consequences
on h̃np(k) locally and globally, our dynamical theory predicts opposite effects on the SE violation
ratio depending on what length-scale contributes most to the friction. The competition between
the two effects which enters the unentangled and entangled contributions, results in the variable
dependence of D/DSE on ε , including non-monotonic behavior. The predicted consequences of in-
creasing polymer-particle attraction, and their qualitative difference in entangled and unentangled
melts, can be tested by future experiments which use the same nanoparticle but modify its surface
chemistry to modulate ε .
However, we have to note the caveat that the above result is tied to the assumption that the
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Figure 2.9: Stokes-Einstein violation ratio as a function of attraction strength at fixed n=12, dT = 8
nm, ηt = 0.40 and various nanoparticle radii in nm (top to bottom): R = 2 (solid), 3 (dash), 4 (dot),
5 (dash-dot) and 6 (dash-dot-dot).
nanoparticle diffusion always slaves to the polymer constraint-release mechanism, which may not
be true for small nanoparticles that observe the non-monotonic behaviors. If the force relaxation
can be “decoupled” from entanglement relaxation, the effect of non-monotonicy will be captured
only partially, and the intuitive trend coming from the other term could be relatively more signifi-
cant. We will return to this point in the next section in a qualitative manner.
We now briefly revisit the effect of changing melt packing fraction as a mimic of varying
S0, i.e. temperature, pressure or density of the polymer melt, holding all other quantities (e.g.,
tube diameter) fixed. In Section 2.4, we found that increasing ηt results in qualitatively different
changes of the SE violation ratio depending on the degree of entanglement (see Fig. 2.6). The
effect of ηt can be understood in the same manner as just discussed for interfacial attraction. Fig.
2.5 demonstrates that increasing ηt enhances the contact region of gnp(r), and hence the high
wavevector part of ζu(k) and ζe(k), the same trend found at fixed ηt upon increasing ε .
Finally, we consider the structure of the adsorbing polymer-particle interface, and its influence
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Figure 2.10: Wavevector-resolved entanglement friction contribution of Eq. (2.16b) for dT = 8 nm
and S0 = 0.25 for (top to bottom): ε = 0 (solid), 1 (dash), 2 (dot), 3 (dash-dot), 4 (dash-dot-dot).
Note that kcut ' 0.4 nm−1. (Inset) The same plot with dT = 3 nm.
on the non-hydrodynamic friction, from a real space perspective. Such a connection has been
suggested to be important, both theoretically [36] and based on simulation [37], for the question of
shifts of the glass transition temperature in thin polymer films. A key thermodynamic property is
the so-called surface excess, Γs, determined by integration of the polymer-particle density profile


















By definition, Γs quantifies the excess (relative to the random continuum behavior) number of
the polymer sites surrounding a nanoparticle. Connection to the small wavevector behavior of the
packing structure, and the possibility that strong wetting and dewetting limits can result in opposite
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signs of this quantity, is clear. The inset of Fig. 2.5 presents sample calculations of Γs. One
sees it grows monotonically (and can change sign) with ε in agreement with intuition. Combined
with Eq. (2.35), this trend provides extra insight concerning the ε-dependence of h̃np(k) at low
wavevectors. Although the k = 0 intercept is not the literal determinant of entanglement friction, it
is a qualitatively reliable indicator of how the dynamically relevant small, but nonzero, wavevector
interfacial structure changes with attraction strength.
2.7 Discussion
We have proposed a predictive theory for the violation of the Stokes-Einstein diffusion law for a
spherical nanoparticle in both entangled and unentangled polymer melts based on a combination of
mode coupling, Brownian motion, and polymer physics ideas. The non-hydrodynamic friction co-
efficient is expressed as an integral over k-space-resolved contributions determined by equilibrium
particle-polymer and melt structure, and the length-scale-dependent relaxation time of collective
polymer density fluctuations.
When local packing correlations are neglected, the non-hydrodynamic diffusivity under ather-
mal conditions can be analytically derived in terms of experimentally measurable quantities, R/dT ,
N/Ne, and S0. The explicit parameter dependence and scaling laws (with prefactors) in various
regimes have been obtained. The mesoscopic nature of entanglement effects is shown to be the
origin of the very large SE violations, which smoothly grows as R/dT decreases. For R/dT < 1,
the non-hydrodynamic diffusivity exhibits a rapid enhancement in heavily entangled melts, ul-
timately following a scaling law ζnon-HD ∝ R6/d5T . As a caveat, the latter behavior may have
little applicability for sufficiently small values of R/dT if particle motion as a mechanism to relax
forces is self-consistently taken into account. The recovery of SE behavior is estimated to occur at
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R/Rg ≈ 3/2 for unentangled melts, in strong contrast to R/dT = (R/Rg)
√
6N/Ne ≈ 5 for heavily
entangled liquids. Despite its simplicity, the analytic dynamical predictions based on the athermal
continuum structure model are in surprisingly good agreement with experiments in both entangled
and unentangled melts.
The dynamical influence of local packing correlations was investigated numerically using inte-
gral equation theory for the required structural input. The central, rather surprising finding is that
the amplitude of long wavelength density fluctuations S0 (varied by modestly changing the melt
packing fraction), temperature, and interfacial attraction all influence the SE violation in qualita-
tively different directions depending on whether the polymers are entangled or not. In unentangled
systems, the non-hydrodynamic diffusivity follows the rather intuitive trends of decreasing as melt
packing fraction or interfacial cohesion increase. In contrast, entangled melts exhibit the opposite,
seemingly anomalous trend of enhanced diffusivity (and hence greater SE violation) with increas-
ing packing fraction, decreasing temperature, or increasing polymer-particle attraction. The reason
for these disparate trends within the theory is threefold: (i) the difference in collective density fluc-
tuation relaxation mechanism for unentangled (diffusive) versus entangled (non-diffusive) polymer
melts, (ii) the different response of the polymer-particle structural correlations to adsorption on the
mesoscopic tube diameter scale compared to the local scale, and (iii) the weakening of the ampli-
tude of the entanglement-induced arrested collective density fluctuations upon cooling or increase
of density, an effect absent in unentangled melts.
Future experimental work is required to better test the underlying ideas and approximations of
our theory. We have suggested several specific new parametric studies in Sec. 2.5.2. Of particular
importance is to study heavily entangled melts, and the effect of temperature, particle size, and
polymer-particle attraction on nanoparticle mobility.
After this work was completed, an interesting theoretical study [31] was published which ex-
51
tends the WD scaling approach for non-adsorbing polymers to semidilute and concentrated so-
lutions. As we discussed at the end of section 2.3.2, such an approach appears to have several
fundamental differences compared to our force-based microscopic theory. The scaling approach
also does not predict numerical prefactors or quantitative crossover curves. However, several of
the predictions of [31] for the N and R dependences of the probe diffusion constant under melt-
like conditions are consistent with our work, at least when the particle is not too small compared
to the tube diameter where our use of the Brownian approximation for force relaxation becomes
inapplicable.
Finally, theory development can, and is, proceeding in many other directions. (i) One can im-
prove the theory for the R ≤ dT regime by doing a calculation of the full time-dependent particle
mean square displacement to take into account the effect of nanoparticle mobility on relaxing fric-
tional forces. This can be pursued based on the self-consistent generalized Langevin Equation ap-
proach, which will allow intermediate time anomalous, non-Fickian diffusion to also be addressed.
This improvement can only increase the predicted SE violations. The detailed discussion will be
presented in the next chapter. (ii) More complex systems can be studied such as gels and semidi-
lute solutions where both physical (mesh) and mechanical porosity exist. (iii) Our approach can be
extended to nonspherical particles (rods, disks, etc) where the question of rotational friction and
translation-rotation decoupling arises based on a microscopic treatment of both torque and center-
of-mass force time correlations [40]. (iv) The theory can be generalized to a two-body description,
where the generalized friction tensor is computed as a function of inter-particle separation. Here,
long-ranged hydrodynamically-mediated effects and microscopically-induced non-hydrodynamic
friction will compete, and the non-universal particle separation at which a continuum description
is recovered requires elucidation. This version of the theory is discussed in Chapter 3. Finally, in
principle, the intrinsic viscosity of the polymer-particle mixture at low nanoparticle concentration
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can be addressed, but this will require formulating a microscopic theory of stress relaxation based
on the Green-Kubo formalism.
2.8 Detailed Analyses and Special Cases
2.8.1 Polymer Collective Dynamic Structure Factor
Equation (2.12) is motivated by a combination of physical arguments and approximate analysis of
limiting regimes from diverse perspectives [41-49]. The entanglement contribution was previously
discussed by Fuchs and Schweizer [43]. In this subsection, we present a brief description of
the theoretical basis for Eq. (2.12), including a new derivation of the unentangled contribution.
A formally exact expression for the Laplace transform (z) of S̃pp(k, t) follows from well-known





z+ S̃−1pp (k) βρ−1p ηL(k,z)
, (2.A1)












eikzi,α (0) f zi,α(0)e
−ikz j,γ (t) f zj,γ(t)
〉
. (2.A2)
Here, np is the number of polymer chains, N the degree of polymerization, and z j,α(t) ( f zj,α(t))
the z-component of the position of (total force on) segment α and chain j. We consider only the
Markov limit, ηL(k,z)→ ηL(k,z = 0)≡ η̃L(k). It has been argued in the context of both polymer
physics [43] and more general glassy dynamics [50,51] that the longitudinal viscosity is roughly
equal to its shear analog, η̃L(k)' 3η̃S(k), a simplification we adopt.
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For unentangled polymer melts, the k-dependence of the shear viscosity has been argued ana-





where the Rouse model viscosity ηS =NρpkT τ0/36, the segmental time τ0 = σ2/D0, and D0 is the
segmental diffusion constant [12]. The viscosity reduction with increasing k is consistent with the
Wyart-de Gennes (WD) argument for a length-scale-dependent friction based on Rouse dynamics
[14]. Combining the above results, one obtains for kRg 1:





This diffusive form is often cited in the literature as arising from a short time, or first cumulant,
analysis [45]. Note the presence of the de Gennes narrowing factor, and that collective density
fluctuations relax rapidly via segmental, not center-of-mass, diffusion. Eq. (2.A4) emerges as a
natural consequence of the k-dependent melt viscosity, and we use it for computing the friction in
an unentangled melt, and entangled polymers at relatively small length scales.
For entangled polymers on lengths scales beyond dT , one expects a small wavevector expansion
of Eq. (2.A1) is useful. Through lowest order one has [43,44,51]:
k−2S̃−1pp (k)β ρ
−1
p ηL(k) → S−10 βρ
−1
p 3ηS, (2.A5)
where β = 1/kBT . Such an apparent non-diffusive (k-independent) form of the collective density
fluctuation relaxation rate reflects the coupling of stress and density fluctuations [42-44]. For
entangled polymers it follows naturally from the slaving of all slow polymer motions to reptation,
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from the dT to Rg scales [12]. Using a Maxwell model for the viscosity of heavily entangled melts
yields: S0βρ−1p ηS = S0βρ
−1
p (ρkT/Ne) τrep = (S0/Ne) τrep. Careful analysis [44] shows that τrep
is the stress relaxation time (tube disentanglement time), while S0/Ne (equal to the ratio of the
entanglement shear modulus to bulk modulus) sets the amplitude of the slowly decaying plateau
of S̃pp(k, t).
The final entanglement contribution in Eq. (2.12) is the Debye-Waller (DW) factor associated
with tube localization which multiplies (S0/Ne) exp(−t/τrep). The basic form adopted has been
motivated in distinct ways in the literature [41-44]. We present yet another motivation (not a
rigorous derivation) from a liquid state or glassy dynamics perspective. On local enough scales, the
so-called Vineyard approximation [13,19] with the deGennes narrowing correction is a reasonable
representation of the kinetically-arrested DW factor in glassy materials [50]. Adopting this for





















where ωp(k, t) is the single chain coherent dynamic structure factor, and the final approximate
equality uses the Rouse model result for unentangled polymers on intermediate time and length
scales [12]. The latter is relevant for entangled melts up to the time when a diffusing segment
hits the tube wall at an entanglement onset time [12] of τonset = N2e σ
2D−10 /3π
2. The DW factor
describing arrested density fluctuations is then estimated by evaluating Eq. (2.A6) at this onset









derived, or argued for, in distinct ways for the single chain DW factor, where b =24, 36 or similar
values [48,49,52]. Given the uncertainty of b, we choose b = 3π2, which falls between b =24 and
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36.
2.8.2 Self-Consistent Friction Calculation
A rigorous approach to tagged particle motion is to self-consistently solve a generalized Langevin
equation for the full nanoparticle propagator in Eq. (2.9) [13,50]. This is a numerically involved
task, and one hopes it is not necessary if the goal is only to predict the probe diffusion constant
when 2R σ . The Brownian approximation was adopted in Section 2.2 to compute the time
decay of the forces on a nanoparticle as arising solely via the dynamics of the surrounding polymer
melt, per a constraint release regime in the language of polymer physics [12]. Obviously this is
an excellent approximation as the particle gets large enough. More generally, using Γ̃nn(k, t) = 1
must underestimate particle mobility, and thus our calculations of the SE violation ratio are a lower
bound.
To crudely explore the plausibility of this constraint release scenario, we consider an elemen-
tary self-consistent MCT calculation [26,27] of the friction constant. The simplest diffusive prop-
agator is adopted, Γ̃nn(k) = e−k

























Equation (2.B1) suggests that the correction is modest if the particle diffusivity is small on the




































3π2S0/dT , Eqs. (2.3) and (2.14), and p = 1/ρσ2 ' dT/18 where p is the invariant
packing length [23], have been used. An essentially identical criterion is obtained by requiring the
particle displacement at the disentanglement time, as crudely estimated using Ficks law, is smaller








Whether this inequality holds is more subtle.
Using Eq. (2.B3), in the heavily entangled limit (e.g. n = 16) we obtain: k2cutDτrep ≈ 0.04,
0.2, 2, 13, for R/dT = 2, 1, 0.5, 0.33, corresponding to D/DSE ≈ 4, 8, 30, 200 in Fig. 2.3. Thus,
Eq. (2.B3) begins to be violated when the particle and tube diameters are roughly equal. This is
a physically sensible result, i.e. entanglement mesh trapping will be strongly suppressed for small
enough particles. We do caution that our analysis of the possible importance of self-consistency
effects, including the use of the Fickian nanoparticle propagator, is crude and of unknown quan-
titative reliability. Moreover, numerical prefactors and technical approximations (especially for
Γ̃pp(k, t)) in the theory are relevant to evaluating the importance of a self-consistent treatment.
However, even given these caveats, the above analysis suggests the Brownian approximation is
reasonable for R/dT > 0.5.
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2.8.3 Polymer Network Limit and Localization Analysis
Another route to study the plausibility of the Brownian approximation is to ask whether the
nanoparticle becomes localized if the slow density fluctuations associated with the entanglement
network are dynamically frozen, as in a crosslinked network. This is an interesting question in its
own right. Here, if (when) the answer is yes, it provides support for the idea that the entanglement
constraint release mechanism controls long time nanoparticle transport.
We perform this analysis using the self-consistent nave mode coupling theory (NMCT) ap-
proach for localization [27]. The NMCT self-consistency equation for the long time limit of the












dk k4C̃2np(k)ρpS̃pp(k) Γ̃nn(k,∞)Γ̃pp(k,∞). (2.C1)
At long times, the nanoparticle is assumed to be harmonically localized corresponding to:
Γ̃nn(k,∞) = e−k
2r2LOC/6. (2.C2)
For a dynamically frozen network, the collective polymer dynamic structure factor is given by the














The integral in Eq. (2.C3) can be evaluated analytically using the continuum structure model of
Section 2.3 and the accurate replacement S̃pp(k) = S0. Combining the above equations, and Eq.
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where 1/ρpσ2 = dT/18 was used , and b is:





The self-consistent Eq. (2.C4) can be solved as a function of R/dT and S0. For a realistic melt
value of S0 = 0.25, a finite solution (localized nanoparticle) emerges if R/dT ≥ 0.66 ≡ (R/dT )c,
where rLOC/dT ≈ 0.95 at the onset. Onset values of R/dT ≈ 0.79, 0.66, 0.61 are predicted for S0 =
0.10, 0.25, 0.40, respectively. These results are in good agreement with the results of Sec. 2.8.2,
where k2cutDτrep ' 1 at R/dT ≈ 0.68, 0.59, 0.57 for the same values of S0. Thus, we find that the
analyses of Appendices B and C provide a consistent and physically intuitive result, i.e. the particle
diffusion is expected to become a dominant channel of motion when the nanoparticle diameter is
roughly equal to, or smaller than, the mechanical mesh size, whence a diffusion constant unaffected
by entanglement trapping is expected [14,31].
Finally, in a small region above R/dT = (R/dT )c one expects particle diffusion can occur via
an activated hopping process without entanglement network relaxation. This regime can be ad-
dressed based on the beyond-MCT nonlinear Langevin equation theory for thermally-driven ac-
tivated hopping [53] that is well developed in the context of particle glasses and gels, and also
polymer glasses. However, such transport is generically expected to be exponentially suppressed
with increasing particle size. Hence, as R exceeds the above critical threshold this mechanism of
motion will rapidly become irrelevant compared to the constraint release entanglement network
driven relaxation of constraining forces that are the focus of our present work.
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2.8.4 Comparison with Other Approaches
Statistical dynamical theories that use MCT ideas for both the hydrodynamic and non-hydrodynamic
friction have been proposed [17]. However, their focus is typically on particles comparable in size
or smaller than solvent molecules. Building on such prior theories, and related MCT work for poly-
electrolyte solutions [54], Egorov [16] very recently proposed a MCT-like theory for nanosphere
diffusion in unentangled polymer liquids with a focus on comparison with simulations of small
probes [8]. Entangled polymer melts were not addressed. The conclusions of Ref. [16] relevant to
our work in the unentangled regime include: the probe diffusion constant D ∼ R−2 over a limited
range for small particles, the SE crossover occurs when R > Rg, and D decreases weakly as the
polymer-particle interfacial attraction grows. Broadly speaking, these conclusions appear to be in
qualitative accord with our analysis, however, there are nontrivial quantitative differences due to
the different technical approximations employed in Ref. [16] compared to our analysis. (i) The
particle propagator in Eq. (2.7) was included and computed in a simplified Fickian self-consistent
manner (qualitatively per Eq. (2.B1)). (ii) The polymer is modeled as a connected chain of sites
with regards to polymer-particle direct correlations, C̃np(k), but modeled entirely differently as a
sphere (i.e., center-of-mass level, as often done for charged polymers at low ionic strength [54])
for determining the static polymer structure factor. Moreover, in terms of our Eq. (2.7), the re-
placement S̃pp(k)→ 1 was employed in the vertex. (iii) Most importantly, the polymer collective








where SCM(k)is the center-of-mass polymer static structure factor. In Eq. (2.D1), polymers are
treated as spheres of radius Rg and the full melt viscosity ηfullenters the relaxation time in a SE
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manner. These approximations are qualitatively different than our Eq. (2.12) for the unentangled
dynamics contribution to nanoparticle friction.
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Chapter 3
Small Nanoparticle Regimes and
Intermediate-Time Anomalous Diffusion
3.1 Introduction
In Chapter 2, we studied the long-time nanoparticle diffusivity based on a time-scale separation
between collective polymer relaxation and nanoparticle diffusion, where the force acting on the
NP is relaxed solely via collective polymer motion (“constraint release” mechanism). While the
approach provides analytic results and reasonable predictions for NPs larger than the tube diameter,
the above assumption has to break down for smaller nanoparticles that are not trapped by the
entanglement mesh (see Fig. 3.1). In that case, the particles can move on time-scales far shorter
than the polymer relaxation (reptation time), hence the force relaxation proceeds in a parallel way.
Thus, in order to treat the small nanoparticles in a physically convincing manner, one has to self-
consistently include the effect of the nanoparticle mobility as an additional channel of the motion.
In this Chapter, we achieve the above goal by using the self-consistent Generalized Langevin
Equation approach [1]. Specifically, the GLE formalism of Chapter 2 is extended to allow the
force-force memory function to relax via the following two mechanisms: (i) polymer relaxation
(constraint release) [2], and (ii) nanoparticles “pushing through” or “moving around” the entan-
glement mesh (particle self-motion). Such an approach requires information about nanoparticle
mobility as an input for the dynamical evolution equation, and therefore involves self-consistency
between the resulting time-dependent diffusivity and the nanoparticle-motion-induced force relax-
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Figure 3.1: The two physical situations showing (a) nanoparticle size is smaller than the entan-
glement mesh, so that it is free from the entanglement constraint, and (b) nanoparticle is larger
than the tube diameter where the NP has to “wait” until the surrounding polymers relax via the
constraint release.
ation. As a consequence, this generalized approach will predict the full non-Fickian nanoparticle
transport on all time-scales, including the intermediate-time subdiffusive regime.
In terms of methodology, the study of anomalous diffusion is also of interest in different con-
texts that involve dynamics in slowly-changing environments [3–6]. For example, the anomalous
transport of a globular protein in gel-like environments [4–6], colloids in filamentary gels [3], etc.
have been studied in both 2d and 3d. One of the main questions is what mechanism controls the
anomalous diffusion, and how it is described as a function of the many system variables. While
a number of theoretical models have been proposed including fractional Brownian motion [7],
obstructed diffusion [8], and continuous-time random walks [9], they typically do not predict the
long-time Fickian regime and a full understanding (let alone at a predictive quantitative level) over
all time-scales remains a challenge.
The remainder of this chapter is organized as follows. Chapter 3.1 first summarizes the general
aspects of our self-consistent theoretical approach, and then specializes it to the dynamically Gaus-
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sian level and a specific coarse-graining procedure. Chapters 3.2 and 3.3 explore the theoretical
predictions for the long-time diffusion coefficients. Chapter 3.2 presents a comparison between the
results of Chapter 2 and the self-consistent approach, and identifies the dominant dynamical mech-
anism in each particle-size window. In Chapter 3.3, we compare the theoretical results with very
recent large-scale molecular dynamics simulation by Kumar, Grest and coworkers [10] to test the
validity of the theory. Chapter 3.4 analyzes in detail the time-dependent nanoparticle mean-square
displacement. A qualitative discussion for the effect of interfacial polymer-particle attraction is
presented in Chapter 3.4. Chapter 3.5 concludes with future directions, and Chapter 3.6 briefly
summarizes the derivation of the GLE equations.
3.2 Model and Theory
3.2.1 Model
As a continuation of Chapter 2, we consider a single nanoparticle in polymer melts where the
degree of entanglement ranges from N/Ne = 1 - 16 and the tube diameter is dT ≈ 3 - 10 nm [11].
We adopt the athermal random structural model for which the key length-scale ratio is given 2R/dT .
A critical difference from Chapter 2 is to now focus on “small” nanoparticles, satisfying 2R . dT .
In this size region, the Brownian assumption that the forces on tagged nanoparticle is relaxed by
the polymer reorganization breaks down, and one needs to include nanoparticle self-motion as a
channel of force relaxation.
Note the above size criterion has been already estimated by the analysis in Sec. 2.8.3; in the
limit of infinite relaxation time (equivalent to extremely long chain limit or crosslinked rubbers),
the particle motion is shown to be free from the entanglement constraint when 2R/dT . 1.2, and
otherwise expected to be trapped. This result suggests for realistic chains in which entanglement
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is weaker, such decoupling or crossover is expected to occur starting at even larger particle diam-
eter. Therefore, one can expect the present of a non-trivial particle size window where the above
“parallel relaxation” mechanism must be taken into account.
Physically, we expect the following dynamical regimes. (a) “Very small” 2R/dT  1 where
penetrant particles completely decouple from entanglement constraints, (b) intermediate 2R/dt ∼ 1
for which the time-scale of particle and polymer dynamics are comparable, (c) large 2R/dT &
1 where particle motion is slaved to the polymer relaxation a la constraint release picture, (d)
2R/dT  1 where particles obey the hydrodynamic Stokes-Einstein law. Regime (c) and (d) are
already captured by the constraint-release model of Chapter 2, while description of regimes (a) and
(b) requires the current parallel relaxation mechanism. Note no clear scaling behavior is expected







where ηR = η0N is the Rouse viscosity [13]. The absence of N dependence demonstrates the
relevant length-scale for the force relaxation in this regime is set by the particle size. Also note
the original idea of Ref. [12] states that Eq. (3.1) holds as soon as 2R < dT in entangled melt (or
R < Rg in unentangled melts) is satisfied, but quantitative aspects of the crossover are not known.
3.2.2 GLE for Second and Fourth Moment
The same Mori-Zwanzig and Mode-Coupling framework as in Chapter 2 is employed [1, 16], for








where the definition of each quantity has been given in Chapter 2. Previously, we set Γ̃nn(k, t) = 1
by assuming the force relaxation is dominantly controlled by the relaxation of the polymer prop-
agator. But, one now has to keep a full time-dependence in the nanoparticle propagator, and cal-
culate it self-consistently with the time-evolution of the system. One general approach to do so is








where M(q, t) is the “full” version of the MCT memory function including the short-time Marko-
vian friction:





(~q ·~k)2C̃2np(k)S̃pp(k) Γ̃nn(~q−~k, t)Γ̃pp(k, t), (3.4)
where ζs is the short-time friction coefficient, ζs = kBT/Ds.
A full calculation based on Eq. (3.4) is possible, but likely unnecessary for our problem of
interest. Therefore, we construct a simplified version by assuming the dynamics is not far from
Gaussian. One then formulates from Eq. (3.4) two coupled self-consistent equations for the sec-
ond and fourth moment of the particle displacement, thereby allowing calculations of the tagged
particle mean-square displacement (MSD) and non-Gaussian parameter (NGP) [18]. The first step











In Eq. (3.5), κ2(t) and κ4(t) are the second and fourth cumulant of the NP displacement, related


















dτ K2(t− τ)∂τκ2(τ). (3.7)
where Eq. (3.6), (3.7) corresponds to the q2 and q4 terms in Eq. (3.3), respectively, and K0(t),
K2(t) are defined via
M(q, t) = ζsδ (t)+K0(t)+q2K2(t)+q4K4(t)+ . . . . (3.8)
Explicit expressions for K0(t) and K2(t) can be straightforwardly obtained by substituting Eq. (3.5)
into (3.4) and extracting the O(q2) and O(q4) terms. Details are summarized in Sec. 3.8, and the
final results are
















Finally, once κ2(t) and κ4(t) are obtained, the MSD, µ2(t), and non-Gaussian parameter, γ(t),
follow via






As an initial study, the rest of the discussion further assumes the NP motion is Gaussian. Then Eq.






dτ K(t− τ)∂τ µ2(τ), (3.12)
where the nanoparticle propagator is given via Γ̃nn(k, t)' e−k
2µ2(t)/6.
In general, Eq. (3.12) must be solved numerically at various levels of structural description
and coarse-graining. Here, we focus on the simplest scenario of the random structural model
and employ Eq. (2.12) for the collective polymer density fluctuation dynamics. If the main in-
terest is in long-time behaviors beyond the Rouse relaxation time, one can coarse-grain over the
Rouse time-scale for further simplicity. This procedure technically corresponds to modelling the
Rouse part of Γ̃pp(k, t) in a Markovian form with the same time-integrated value, e−k
2D0t/S̃pp(k)→
[k2D0/S̃pp(k)]δ (t). As a consequence, the short-time friction changes from ζs to ζs + ζR ∼ ζR,









Note that Eq. (3.13) has the same form as Eq. (3.1) with a numerical prefactor determined from
microscopic formalism.
The above coarse-graining is of particular usefulness if one adopts the constraint-release picture
in Eq. (3.12). Then Γ̃pp(k, t) becomes purely exponential, and Eq. (3.12) can be solved analytically
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where the short-time diffusivity is now Ds→ DR ≡ kBT/ζR, and Dl is the non-hydrodynamic fric-
tion based on the entangled polymer relaxation, or the inverse of Eq. (2.22) with the first term
neglected. Equation (3.14) is essentially the MSD version result of Chapter 2, which can serve as
the reference calculation where the nanoparticle transport is controlled by the constraint-release
mechanism; by comparing the full result of Eq. (3.12) and Eq. (3.14), one can visualize the dom-
inance of the constraint-relase mechanism (or the particle self-motion) in the parallel relaxation
scenario.
3.3 Effect of Nanoparticle Mobility
We now present a few model calculations for the long-time NP diffusivity as a function of nanopar-
ticle diameter (Fig. 3.2). Results are shown in a format analogous to Fig. 2.3, where the nanopar-
ticle diffusivity is normalized by DSE and the nanoparticle diameter by dT . All the four dynamical
regimes discussed in Sec. 3.2.1 can be identified by comparing the prediction of the constraint-
release model and the parallel relaxation model. At very large 2R/dT the Stokes-Einstein violation
ratio approaches one, demonstrating the recovery of the hydrodynamic crossover or regime (d)
as discussed in Chapter 2. Regime (c) can be seen for smaller (but still larger than dT ) particle
sizes, above which the constraint-release model and the parallel relaxation model agree; nanopar-
ticles of this size window are expected to be slaved to the polymer relaxation. At even smaller 2R
(. dT ) where the time-scale of the nanoparticle motion becomes comparable to that of the repta-
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Figure 3.2: Stokes-Einstein violation ratio as a function of the particle diameter to the tube diam-
eter ratio for a few representative degree of entanglements, N/Ne = 4 (black), 8 (red), 12 (blue).
The solid curves are based on the self-consistent Generalized Langevin Equation method, and the
dashed curves are the predictions of the constraint-release model discussed in Chapter 2.
tion, the Stokes-Einstein deviation rapidly grows in. Evident deviations from the constraint-release
result quantify the decoupling of nanoparticle motion from polymer entanglement relaxation. The
contrast between the two pictures (slaved versus decoupled) is clearer for larger N/Ne where the
deviation is even more apparent. As a result, the crossover becomes shaper with higher entan-
glements, qualitatively approaching the Brochard-de Gennes picture except the continuous growth
and the long tail remain present. Note that at sufficiently small 2R, D/DSE develops a clear scaling
regime where D/DSE ∝ 1/R2 or D = DR ∝ 1/R3 (regime (a)), in agreement with the BdG model
and several simulation results [10,15]. The N and R dependence is more directly visualized in Fig.
3.3, where the “segmental” diffusivity, Ds ≡ kBT/(6πη0σ), is used as the unit of the NP diffusiv-
ity. In addition to the R−3 scaling at small 2R and the R−1 (Stokes-Einstein) law at large 2R, the
N-independent prediction of Eq. (3.13) is confirmed for small enough particles.
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Figure 3.3: Log-linear plot of nanoparticle Diffusion Constant in unit of “segmental” diffusivity,
Ds ≡ kBT/(6πη0σ). Black, red, blue, pink curve corresponds to N/Ne = 4, 8, 12 and 24, respec-
tively.
3.4 Comparison with Simulation
While the diffusivity of small (2R . dT ) nanoparticle is relatively easy to simulate and has been
studied by several workers [15, 23], the computational difficutly increases by a significant amout
for the intermediate or large (2R & dT ) particles due to the large length-scale asymmetry, and
especially when the polymers are strongly entangled where the nanoparticles move slowly [20].
Thus a systematic parametric study for a range of particle sizes and chain lengths has not been
achieved. However, a large-scale molecular dynamics simulation has been very recently carried
out by Kumar, Grest and coworkers [10] that covers the parameter space for the two types of
crossover: large (2R > dT ) or small (2R < dT ) particle sizes, and unentangled (N/Ne < 1) and
(lightly) entangled (N/Ne > 1) melts. Specifically, the dynamics of nanoparticles with diameter
2R/σ = 1 - 15 is simulated in a polymer melt under the dilute nanoparticle condition where the
polymer chains are modeled using the standard Kremer-Grest model with an effective bead size σ
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Figure 3.4: Nanoparticle diffusion coefficient versus chain length for: 2R/σ = 1 (black), 3 (red),
5 (blue), 10 (pink), 15 (green) where σ is the polymer bead diameter. Symbols represent the
simulation result of Ref. [10] and curves correspond to the theoretical prediction of Eq. (3.12)
where the prefactor of 3.6 is introduced. The diffusion constants are shown in the reduced unit
used in Ref. [10] where the unit diffusivity is Dunit ∼ 4πDs.
and chain lengths N = 10 - 400. The bead-bead interaction and the bead-nanoparticle interaction are
tuned so that the system is completely repulsive. The tube diameter is estimated to be dT ≈ 10σ ,
and we estimate Ne ≈ 93 based on fitting the simulated viscosity data with Eq. (2.4). Thus, the
simulations probe the following parameter range: 2R/dT = 0.1 - 1.5, N/Ne ≈ 0.1 - 4.
Figures 3.4 and 3.5 compare the theoretical and MD simulation results. The predictions are
made based on the theory of Sec. 3.2.3, except a single numerical factor that multiplies the memory
function is introduced to compensate for the simplified nature of our model. Its value is determined
by optimizing agreement between theory and all simulation diffusivity data, and is found to be 3.6.
Figure 3.4 shows the nanoparticle diffusivity in the reduced unit used in Ref. [10] as a function of
chain length. The agreement is surprisingly good for all particle sizes and chain lengths studied,
including many cases that do not follow the Stokes-Einstein law. The parameter dependences are
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roughly differentiated by the value of 2R/dT . For 2R/dT < 1, both simulation and theory find the
crossover from the Stokes-Einstein to the Brochard-de Gennes [12] or “local Rouse” regime as N
increases. The former regime corresponds to small N such that R > Rg =
√
Nσ/6 and obeys the
hydrodynamic D ∼ η−1 ∼ N−1 law, while the latter is demonstrated by the N-independent, but
R-dependent, behavior at larger N.
On the other hand, the diffusivity of larger (2R/dT & 1) particles exhibits a different type
of crossover. The Stokes-Einstein-like law for short chains is again captured, but distinctive N-
dependences are seen for longer chains instead of the N-independent plateau; the dependence is
stronger for larger particles with no clear scaling law, in qualitative contrast to the small particle
behavior. Based on the GLE approach, the origin of the above non-universal chain-length depen-
dence and its growth with increasing 2R/dT are explained via the constraint-release mechanism
and the enhanced coupling to the entanglement constraints. First, the N-scaling of D/DSE has
been shown to be non-universal and dependent on the particle size for the studied chain length
regime (N/Ne ≈ 1 . . .4) based on the constraint-release model (Fig. 2.2). Second, the coupling
to this constraint-release model prediction is also a function of 2R/dT for the intermediate parti-
cle sizes studied here as seen in Sec. 3.3. Thus, the combination of these two effects results in
the complicated parameter dependence observed in the simulation, demonstrating the subtle com-
petition of length and time scale in the crossover regime and the importance of the microscopic
quantitative analysis.
The difference between the two particle size regimes discussed above can be demonstrated in a
different manner (Fig. 3.5). Here the reduced nanoparticle diffusivity and the reduced chain length
are defined via D∗ ≡D(2R)3 and N∗ ≡ N/(2R)2, so that the SE and the BdG law are expressed by
D∗ ∝ 1/N∗ (for short chains) and D∗ = const., respectively. The former trend is indeed seen for all
particle sizes at small N∗, whereas the latter is seen only for the small particles at large N∗; results
76
Figure 3.5: Re-plot of Fig. 3.4 using the alternative non-dimensionalization where D∗ ≡ D(2R)3
and N∗ ≡ N/(2R)2.
with 2R/dT = 1, 3, 5 show the crossover to the local Rouse regime as indicated by the large-N∗
plateau, but this trend continuously breaks down as the particle size grows.
The excellent agreement between the theory and simulation supports the physical assumptions
of the present GLE approach. For example, the simulation did not find any objective measure of
non-Gaussian motions (as given by a large non-Gaussian parameter, exponential tail in the van
Hove function, etc. [18]), consistent with our Gaussian dynamical approach. However, one can
argue that such a situation is expected to change at higher chain lengths than studied. As an extreme
example, we have seen in Sec. 2.8.2 that sufficiently large (2R/dT & 1.2) nanoparticles can be
arrested by the entanglement mesh when the reptation motion is frozen per crosslinked networks.
This condition is relevant in a practical sense for very large chain lengths where the reptation time
is essentially infinite. In these cases, the above caging prediction could be important in a transient
sense and the nanoparticle may undergo activated hopping motion as in glassy systems [18, 21].
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However, hopping is an exponentially slow process, which can easily be slower than the constraint-
release relaxation of the surrounding melt; in terms of relaxation time, the former presumably
grows exponentially with R/dT (to some powers), while the latter follows a power law (τrep ∝ N3).
Thus, whether or not the hopping motion is observed in realistic melts is a delicate question, and
detailed analysis is required.
3.5 Full Non-Fickian MSD
The self-consistent GLE approach provides the full non-Fickian single-nanoparticle MSD, µ2(t).
Figure 3.6 shows typical predictions for two particle sizes, 2R/dT = 1 and 1.5, in modestly en-
tangled melts (N/Ne = 12), where the MSD is normalized by DSEτrep and τrep is used as the unit
of time. As a reference, the constraint-release prediction of Eq. (3.14) is also shown as the dot-
ted curves. Both predictions agree at short-times and follow the Fickian diffusion controlled by
the short-time diffusivity, Ds = DR. Note this does not necessarily mean the MSD is Fickian in
reality given our coarse-graining procedure over the Rouse time, τR; to obtain details below this
time-scale, one requires alternative calculations involving the fully time-dependent (non-coarse-
grained) collective Rouse propagator as given in Eq. (2.12). However, the qualitative behaviors at
longer times are assumed to be unaffected by this procedure when melts are well entangled and τR
and τrep are well separated, which is the situation of primary interest to us.
On the other hand, the intermediate-time and the long-time behavior are largely dependent on
the particle size. The MSD of smaller (2R . dT ) particles crosses over to the long-time Fickian
regime without any significant subdiffusive regime due to the weak influence of the entanglements.
The effect continues to be reduced as one decreases 2R/dT , and eventually the subdiffusive regime
completely disappears and the long-time diffusivity is simply given by Ds, corresponding to regime
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Figure 3.6: Nanoparticle mean-square displacement versus time for N/Ne = 4 and 2R/dT = 10
(black), 15 (red), where τrep is used as the unit of time. Solid curves are the prediction of the self-
consistent approach (Eq. (3.12)) and dashed curves are the constraint-release model. Note MSD is
shown in the unit consistent with Fig. 3.4 and 3.5.
Figure 3.7: Same as Fig. 3.5 where N/Ne = 12.
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(a) where nanoparticle motion is “completely free” from entanglement constraints.
In contrast, the MSD for the larger (2R/dT = 1.5) particle are anomalous at intermediate
times. Most importantly, the parallel relaxation result tends to agree with the purely constraint-
release model, suggesting the greater influence of the entanglement constraint and the particle mo-
tion is more slaved to entanglement mesh relaxation. Note the crossover from the small-particle
entanglement-free behavior to the current constraint-release like motion is very sharp. In addition,
prediction for larger N/Ne (Fig. 3.7) shows that the subdiffusivity becomes more apparent with
increasing N/Ne. Such parameter-dependent anomalous behaviors are reminiscent of the caging
dynamics in glassy systems [18, 22], where the role of the “cage” is now played by the transient
entanglement network but the matrix relaxation time is externally controlled (and always finite).
The analogy to glassy dynamics also suggests that the local anomalous exponent, α , is a useful





∝ tα , (3.15)
which is alternatively expressed as α ≡ t µ̇2(t)/µ2(t), corresponding to a “local slope” in a log-log
plot. The local exponent is commonly used to study the anomalous transport [18], from which the
amount of caging, the effective size of the cage, etc., can be determined.
Figure 3.8 presents the local exponent as a function of time corresponding to the nanoparticle
MSD shown in Fig. 3.6 and 3.7. The amount of the subdiffusivity can be characterized via the
minimal local exponent, αmin, which drops sharply between 2R/dT = 1 and 1.5. The value of
αmin ≈ 0.1 in the latter case is also found for typical glassy liquids [18, 22].
The relation between the particle size and the caging effect is more quantitatively studied in Fig.
3.8, where we plot (a) the minimal exponent, αmin, (b) the time it occurs, tmin, and (c) the MSD at
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Figure 3.8: (a) Time-dependent local exponent of the single-nanoparticle MSD where N/Ne = 4,
2R/dT = 0.8 (black), 1 (red), 1.2 (blue), 1.5 (pink). (b) Same as (a) except N/Ne = 12.
t = tmin, denoted by µmin ≡ µ2(t = tmin). As discussed above, αmin changes sensitively with 2R/dT
and a rapid drop is expected when the particle diameter exceeds the entanglement mesh size. On
the other hand, the change of tmin is relatively minor, indicating that the onset of the transient
entanglement caging is mainly controlled by the polymer liquid. The MSD at tmin can be viewed
as an effective cage size via rcage↔
√
µmin. The sudden decrease of rcage around 2R/dT = 1 again
demonstrates the sharp emergence of the entanglement constraint effect. In the large N/Ne limit,
this effective cage size is expected to agree with the “localization length” discussed in Chapter 2.
3.6 Effect of Non-Random Packing Structure
Finally, we briefly comment on the effect of non-random packing structure where the nanoparticle-
polymer site pair correlation function is not a step function. Although the above calculations can
be repeated for any interfacial interaction using PRISM-theory structural inputs, its qualitative
trend can be deduced based on the discussions in Chapters 2 and 3. In Chapter 2, we saw that the
constraint-release model predicts a decrease of NP diffusivity with increasing adsorption strength
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Figure 3.9: (a) Minimum local exponent as a function of the particle diameter relative to the tube
diameter, where N/Ne = 4 (black) and 12 (red). (b) Caging time in units of reptation time, defined
in the main text. (c) MSD at the caging time. The latter two show the results for N/Ne = 4 (black)
and 12 (red).
for relatively large NPs (2R/σ & 10 or so), while the opposite, non-monotonic dependence has
been observed for the smaller NPs at higher entanglements. However, the results of Chapter 3
shows that the constraint-release model breaks down for the latter small particle regime, and the
particle diffusivity is more dominantly controlled by the collective Rouse diffusivity, Eq. (3.13),
in analogy with the dynamics in unentangled or weakly-entangled melts. Thus, one reasonably
expects the systematic dependence on the attraction strength, ε , follows the same trend as the
small-N/Ne example of Fig. 2.7, where the diffusivity decreases with increasing ε . Therefore,
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the non-intuitive non-monotonic dependence is expected to disappear based on the self-consistent
GLE approach. This argument can be straightforwardly checked by explicit calculations in future
work, and will provide insights concerning the effect of polymer adsorption on the intermediate-
time anomalous behaviors, etc.
3.7 Summary and Discussion
We have developed a self-consistent Generalized Langevin Equation approach to study single
nanoparticle dynamics in entangled polymer melts. The main advance compared to Chapter 2
is the inclusion of nanoparticle self-motion as a parallel channel of the force relaxation, which
is expected to play a significant role for the particles smaller than the entanglement mesh size.
The dominant motional mechanism for nanoparticle motion is determined by the nanoparticle to
tube diameter ratio, and the following dynamical regimes have been identified. Nanoparticles
sufficiently smaller than the tube diameter are free from the entanglement constraints, and their
diffusivity is controlled by the local Rouse relaxation on the particle size scale, leading to the
Brochard-de Gennes scaling, D ∝ N0R−3. As 2R/dT grows, the nanoparticle motion starts to be
coupled to the polymer relaxation dynamics, and eventually fully slaved to the constraint-release
mechanism where the predictions of Chapter 2 are recovered. Finally, the Stokes-Einstein law is
recovered for even larger 2R as discussed in Chapter 2. The above predictions have been com-
pared with large-scale molecular dynamics simulations [10], and excellent agreement is obtained
for all cases in the crossover regime for lightly entangled melts. The Gaussian assumption for the
nanoparticle dynamics is also found to be consistent with the simulation.
The intermediate-time nanoparticle diffusion has also been studied. The importance of the con-
straint release mechanism can be deduced by comparing the predictions of the full self-consistent
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GLE to its pure constraint release analog. The deviation between the two results shows the decou-
pling of small nanoparticle motions from the entanglement constraints. With increasing particle
size, the two models start to agree over all time-scales, suggesting the constraint release mechanism
dominates nanoparticle dynamics. The anomalous diffusion is analyzed based on a time-dependent
apparent local exponent, which rapidly decreases with the particle diameter exceeds the tube di-
ameter. The degree of anomalous diffusion is a function of both particle size and chain lengths.
While explicit calculations are not presented, we qualitatively deduced that increased adsorp-
tion strength reduces the nanoparticle diffusivity, which reverses the trend predicted in Chapter 2
to an intuitive direction. Full understanding requires detailed calculations using different coarse-
grained methods and non-random packing structures, which are possible and will be carried out in
the future. Other future directions include explicitly accounting for the effect of short-time collec-
tive Rouse relaxation on intermediate-time and long-time dynamics, and application of the GLE
approach to particle dynamics in different slow or conjested environments such as gels and semidi-
lute polymer solutions [5, 24]. The approach can also be extended to treat non-spherical particles
or two-particle relative motions.
3.8 Detailed Discussion of the GLE Formalism
We briefly summarize the mathematical procedures to derive Eq. (3.9) and (3.10), the small-q
expansion of the generalized MCT memory function, M(q, t). As a first step, one can generally
rewrite Eq. (3.8) as

















In Eq. (3.17), I(q,k, t) is defined so that the form of Eq. (3.16) is formally analogous to Eq. (3.2).






































Note all the t-dependence is implicit in κ2(t) or κ4(t). If one is only interested in the entanglement
propagator, k is cut off by kcut ∼ 1/dT in the k-integral of Eq. (3.16). Then, for small enough q
such that κ2qkcut 1, κ4q2k2cut 1, etc., Eq. (3.18) can be expanded as a power series in q as













































Substituting Eq. (3.20) into (3.17) and comparing the result with Eq. (3.8) yields Eq. (3.9) and
(3.10).
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Chapter 4
Spatially-Dependent Relative Diffusion of
Nanoparticles in Polymer Melts
4.1 Introduction
Despite of growing interests and technical advances in the area of polymer nanocomposites over
the last several decades [1-9], a full understanding of its dynamics requires confronting the difficult
many-body problem associated with non-dilute particle concentrations and coupled nanoparticle
and polymer motions for many time- and length-scales [13-15]. Simulations are a valuable option
[10, 14, 16], but are computationally very intensive resulting in only a limited parameter range
being tractable to study, typically involving rather small particles and weakly entangled polymers
[16]. This has motivated the development of various phenomenological simulation approaches,
e.g. dissipative particle dynamics (DPD) [17,18], in order to extend the accessible length- and
time-scales. While the method has been applied to various nanocomposite problems and yields
promising results [19-22], a full understanding of the connection between the phenomenological
soft forces, dynamical constraints employed or other microscopic physics (e.g. entanglements),
and the limitations of DPD models for non-hydrodynamic phenomena, is an ongoing subject [22].
In this Chapter, we take an initial step towards treating the many nanoparticle dynamics prob-
lem by constructing what we believe is the first microscopic theory for the non-hydrodynamic rel-
ative diffusion coefficient of two hard spheres in an entangled polymer melt. A local equilibrium
perspective is adopted, which is appropriate for sufficiently large nanoparticles where mobility is
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Figure 4.1: Illustration of the studied two-particle system and schematic of the force correlation
pathway that enters the dynamical vertex in Eqn. (4.15). Particle diameter (2R) and interparticle
surface-to-surface separation (h) are defined by arrows.
controlled by the dynamics of the polymer melt. We focus on how polymers mediate changes
in particle diffusivity as a function of their separation, and are mainly interested in the meso-
scopic regime where the nanoparticles are much larger than a polymer monomer and are of order,
or significantly larger than, the polymer melt entanglement length or tube diameter (dT ≈ 3− 8
nm) [23-24]. This regime is of high practical interest (e.g., for carbon-black-filled polymer melts
and rubbers), where the elementary nanoparticle diameter is 2R ≈ 20− 40 nm [25]. The key
length-scale is the interparticle surface-to-surface separation, h. Short range direct nanoparticle-
nanoparticle forces also enter in a conservative potential of mean force (PMF) fashion, but are
not treated here since our goal is to understand the non-hydrodynamic dissipative, or frictional,
consequences of particle-polymer interactions.
Using microscopic time-dependent statistical-mechanical theory, we aim to establish the mag-
nitude and length-scales over which non-hydrodynamic effects are important, as well as the condi-
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tions for the crossover to macroscopic hydrodynamic behavior. Note that for the two-particle prob-
lem, even if the particles are relatively large compared to the entanglement length-scale (2R dT )
where a Stokes-Einstein description applies to single-particle diffusivity, significant non-hydrodynamic
effects are expected if h∼ dT , i.e. when particles are close enough (see Fig. 4.1).
The outline of this chapter is as follows. Section 4.1 starts with briefly summarizing our general
approach, and discusses the assumptions commonly used for the single- and two-particle approach.
The extension to treat separation-dependent relative diffusion is presented in Section 4.2, and a de-
tailed limiting analytic analysis is performed. Section 4.3 presents our key results, first based on
a simple description of structure in the absence of polymer adsorption. Polymer integral equation
theory is then employed in Section 4.4 to numerically analyze the role of local packing correla-
tions under non-adsorbing and adsorbing conditions. The chapter concludes in Section 4.5 with a
discussion and future outlook.
4.2 Theory of Two-Particle Relative Diffusion
4.2.1 Model
We consider a smooth hard sphere of diameter 2R in a polymer melt. Polymers are modeled as
freely-jointed chains of N spherical statistical segments or sites of diameter d, bond length σ , and
radius of gyration Rg =
√
N/6σ [23]. Polymers interact via hard-core repulsions in a liquid of
packing fraction chosen to represent a dense melt with a realistic dimensionless compressibility
[26] and a short density fluctuation correlation length, ξρ ≤ d [27]. Our present focus is the
mesoscopic regime where σ ≈ d dT ≤ 2R.
Two liquid structural models are studied. (i) A continuum model where polymer segments
pack randomly around the nanoparticle and interact with the particle surface solely via excluded
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volume repulsions (athermal model). The polymer melt collective density fluctuation structure
factor, S̃pp(k), is characterized by its long-wavelength limit or dimensionless compressibility,
S̃pp(k = 0) ≡ S0, applicable for kσ . 2 in practice. (ii) The role of local packing and polymer
adsorption are studied using the Polymer Reference Interaction Site Model (PRISM) integral equa-
tion theory [28]. We adopt the same set of parameters used in Chapter 2; calculations are performed
using σ = 4d/3 and N = 1000, and the site-site polymer-particle pair potential:
Unp(r) =
 ∞, r ≤ R+d/2−ε exp[− r−(R+d/2)
α
]
, r ≥ R+d/2
(4.1)
where α is the spatial range (set to d/2) and ε the contact attraction energy. For the single-particle
diffusivity, we previously showed that the dynamical predictions based on structural models (i) and
(ii) are very similar under athermal conditions when 2R & dT [12]. Additional material-specific
parameters quantify chain entanglements: the tube diameter (dT ) and the number of segments per
an entangled strand (Ne), which at the simplest level are related as dT =
√
Neσ [23, 29]. The mean
number of entanglements per chain is n≡ N/Ne.
4.2.2 Consistency with Single-Particle Self-Diffusion Approach
In the following discussion, we adopt several assumptions for the density fluctuation dynamics that
are consistent with Chapter 2. First, given our focus is on mesoscopic (2R & dT > σ ) particles,
we adopt a Brownian (or constraint release) picture where the force exerted on a nanoparticle is
relaxed solely due to polymer motion [33]. This corresponds to setting the nanoparticle incoherent




' 1. Second, for the polymer collective
dynamic structure factor, we use the following form that has been developed for both unentangled
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where D0 is the segmental diffusion coefficient and the other variables have been defined above.
As a brief review, the first term represents the relaxation of collective polymer density fluctuations
via fast and diffusive Rouse motions on relatively short length-scales compared to dT ; it describes
the full relaxation dynamics for unentangled melts. The second term accounts for the slow, non-
diffusive relaxation of entangled polymer melts on mesoscopic (& dT ) length-scales which relax
via reptation on a time-scale τrep = τ0N3/Ne. Its amplitude, S0/Ne = Ge/KB 1 [29], is related to
the coupling between the slowly-relaxing part of density fluctuations and shear stress relaxation,
where Ge (KB) is the entangled shear modulus (bulk modulus). Note the spatial dependence is
controlled by a Gaussian Debye-Waller (DW) factor which describes transient tube localization.
The above theory describes relaxation of polymer collective density fluctuations as indepen-
dent of the presence of a nanoparticle. Although formally true in an ensemble-averaged sense in
the dilute limit and within the MCT dynamical factorization approximation of four-point corre-
lations, physically this cannot be exact as one expects modification of polymer dynamics when
segments are close to the nanoparticle surface, and/or when two particles are separated by dis-
tances less than the polymer size. For example, polymers can orient and/or be conformationally
perturbed in the vicinity of a nanoparticle surface in a manner that depends on various nonuniversal
factors including polymer-filler attraction and the nanoparticle-polymer size ratio [30]. Moreover,
recent experimental and simulation studies find a modest reduction of the ensemble-averaged tube
diameter at high particle loading [31, 45-46]. We do not take these effects into account in this
initial study, and, indeed, a first-principles microscopic theoretical understanding of such prob-
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lems is essentially non-existent except what is discussed in Chapter 6. The prior success of our
single-particle diffusion theory that ignores such effects suggests this is a useful starting point [12].
4.2.3 General Approach and Hydrodynamic Limit
We now extend our approach for the single-particle self diffusion (discussed in Chapter 2) to the
case of long-time Fickian relative diffusion of two identical spherical particles in a polymer melt.
Particles are located at~r1(t) and~r2(t), or in terms of the relative and center-of-mass (CM) coor-
dinates, ~r(t) ≡~r1(t)−~r2(t) and ~RCM(t) ≡ [~r1(t) +~r2(t)]/2, respectively. The relative diffusion







Since we invoke a time-scale separation between the tagged particles and the surrounding poly-
mers (mesoscopic regime, 2R > dT > σ ), particle dynamics is reasonably described in a local
equilibrium spirit. This corresponds to the idea that the force on a tagged particle is fully relaxed
by polymer motions on all particle time-scales of interest. Thus, a separation-dependent friction
coefficient and D(rel) are well-defined as a function of interparticle surface-to-surface separation,
h≡ |~r|−2R. In the ”isolated” limit (h 2R) one has the trivial result [37]:
lim
h/2R→∞
D(rel)(h) = 2D(self). (4.12)
The full D(rel)(h) is again represented in terms of two additive contributions:




The hydrodynamic term, D(rel)HD (h), has been studied for many decades, and an analytic form
that fits the small- lubrication theory result and the large- Oseen tensor expression is [38]:




where h′ ≡ h/R and D(rel)(h′→ ∞)→ 2DSE = 2kBT/(6πη f ullR). Equation (4.14) corresponds to
an increasing lubrication force as h decreases, resulting in a smaller relative mobility. However,
the hydrodynamic-based prediction of a vanishing relative diffusion coefficient as h→ 0 is an
artifact of using a continuum theory down to the microscopic scale; in reality, deviations from the
hydrodynamic result emerge continuously as recently studied via simulations, e.g. for hard-sphere
fluids and Brownian spheres in water [39, 40]. We describe this crossover by computing the non-
hydrodynamic diffusivity, D(rel)non-HD(h) = kBT/ζ
(rel)
non-HD(h), and comparing it to D
(rel)
HD . We note that
the accuracy of our approximate (and minimalist) model that adds the independently computed
hydrodynamic and non-hydrodynamic relative diffusivities requires future testing. We also note
that improvements [41, 42] to the hydrodynamic contribution of Eqn. (4.14) are not included in
this work, but could be implemented straightforwardly.
4.2.4 Non-Hydrodynamic Pair Diffusion Theory
The formal starting point for deriving an expression for ζ (rel)non-HD(h) is a pair of GLEs that describe
the coupled motion of two tagged particles in a fluid [33]. We shall not repeat the derivations
in literature [13, 43, 44], but rather specialize them to our problem. The key approximations
and concepts that lead to our main result are the following. First, the GLEs for ~r1(t) and ~r2(t)
are constructed based on three simplifications: (i) momentum relaxes more quickly than spatial
displacements, (ii) the force-force time correlation function on the two tagged particles evolves due
94
to the real (not the projected) dynamics, and (iii) the force-force correlations are not dependent on
the instantaneous tagged-particle trajectories. One then rewrites the resulting GLEs in terms of and
, which involve two coupled force-force time correlations or memory functions, KR(t;~RCM,~r) and
Kr(t;~RCM,~r) [43]. For our problem of two particles in a polymer liquid, as long as the nanoparticle
mobility is ignored with regards to how the polymer-mediated forces on the nanoparticles are
dynamically relaxed, the coupling due to~r(t) and ~RCM(t) disappears and the equations for the two
memory functions can be straightforwardly simplified. Based on these ideas, and Eqn. (4.7) of


















Equation (4.15) is identical to the single-particle result in Section II except for a factor of 1/2 and







where r0 ≡ |~r(t = 0)| and j0(x) = sinx/x is the spherical Bessel function of the first kind. This
extra factor describes the influence of particle separation in quantifying the polymer-mediated
mean square effective force between the two particles separated by r0 (see Fig. 4.1). We shall
interchangeably denote Ω(rel)(k,r0) as Ω(rel)(k,h), where r0 = h+2R.


















Note that the N-dependence cancels out in the first term in accord with the scaling result for single-
particle diffusion [8-9]. The net chain-length dependence enters via the second term through the
entanglement relaxation time. Within our Brownian motion picture, it appears as a prefactor con-
sistent with the reptation-model scaling (∝ N3), while the microscopic, length-scale-dependent
viscoelastic effect is captured by the full k-space integral.
























If Ω(rel)(k,h→ ∞) = 1 (k 6= 0), Eqn. (4.18) reduces to Eqn. (4.10).
4.2.5 Limiting Analytic Analysis
We now perform an analytic analysis in the limits of large and small interparticle separations based
on the athermal structural continuum model, which we expect to be accurate in the mesoscopic
regime of present interest (2R & dT  σ ) and when polymer adsorption is negligible. The random
polymer-particle packing is defined as




where Θ(r) is the Heaviside step-function and j1(r) is the spherical Bessel function of the first
kind. Since the monomer-scale packing is neglected, the polymer static structure factor is replaced
with its value, S0 ≡ S̃pp(k = 0).
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We first analyze how the quantity ∆D(rel)(h) ≡ 2D(self)−D(rel)(h) decays at large separations,
h/2R 1. In a long-time sense, it is a quantification of the ”cross-correlation” between particle



















t = 6∆D(rel)(h)t, (t→ ∞) (4.20)
where δ r j ≡~r j(t)−~r j(0) denotes the displacement vector of particle j. The growth of ∆D(rel)(h), or
equivalently the decrease of D(rel)(h) compared to the isolated case, can be interpreted as increas-
ing dynamical correlation between the particle motions. At large separations (h/2R 1), one
can extract an asymptotic h-scaling for the non-hydrodynamic component, ∆D(rel)non-HD(h). Since
2R/dT > 1 implies h 2R > dT , the cutoff wavevector k ∼ 1/r0 = 1/(2R+ h) characterizing
Ω(rel)(k,h) is much smaller than that of the entanglement Debye-Waller cutoff, kcut ∼ 1/dT , and
the non-hydrodynamic friction, Eqn. (4.17), can be calculated approximately by setting the Debye-















where κ ≡ kR, r′0 ≡ r0/R and h′ = h/R. Now, given κr′0 = κ(2+ h′) ∼ κh′ is large for a broad
range of κ (so j0(κr′0) ≈ j0(κh′) 1), one may expand Ω(rel)(κ;h′) in powers of j0(κh′) as
Ω(rel)(κ;h′)≈ 1+3 j0(κh′)+4 j20(κh′)+ . . . Upon substituting this expansion into Eqn. (4.21), we
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The prefactor scales with 1/h′2, and ζ (self)non-HD/2 results from the leading order term in the expansion.
The effect of the remaining h′-dependence in the integral is negligible due to its rapid oscillation

































where a corresponds to the integral in Eqn. (4.22). Thus, the non-hydrodynamic part of the relative
diffusion coefficient scales as
∆D(rel)non-HD(h) ∝ h
′−2. (h 2R) (4.24)
As expected, Eqn. (24) has a stronger scaling than the hydrodynamic contribution that obeys
∆D(rel)HD (h) ∝ h
′−1 when h′ 1, assuring the hydrodynamic effect is dominant at large separation.
For the h  2R, dT small-separation regime, we claim that the h-dependence of the non-
hydrodynamic diffusivity is small provided that 2R/dT  1. This conclusion follows from first
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normalizing the non-hydrodynamic diffusivity as in Eqn. (4.18) (where only the (N/Ne)2-term













and analyzing the spatial dependence of the h-dependent weight factor, Ω(rel)(k,h). Recalling that
its k-variation is only significant up to k≈ k′rel≈ 1/(2R+h), which is small compared to the Debye-
Waller cutoff kcut ∼ 1/dT under the current situation (h, dT < 2R), the force-force correlation is
mostly controlled by the wide wavevector region k′rel < k < kcut where Ω
(rel)(k;h) ≈ 1. Thus the
small change of k′rel due to h plays a limited role, and the leading-order h-dependence of Eqn.













, (h 2R, dT ), (4.27)
where Eqn. (4.26) has been derived in Ref. [12] for large (2R/dT  1) particles. Hence, the
h-dependence is expected to be weak as h→ 0 with the non-hydrodynamic diffusivity finite near
contact, in contrast to the vanishing diffusivity based on the hydrodynamics [38, 45]. We thus
expect a growing mobility enhancement relative to the hydrodynamic result as the two particles















where F is a function that weakly depends on h.
















This form implies that, to leading order, the hydrodynamic scaling violation ratio can be charac-
terized in units of h/dT , in agreement with intuition. We will numerically verify the validity of the
above asymptotic analytic relations in section IV.
4.3 Numerical Results
4.3.1 Athermal Limit Model Calculations
The simplest analytic structural model of Eqn. (4.19) is adopted to explore the effect of particle
size and interparticle separation on the non-hydrodynamic and total relative diffusion coefficient.
One may vary S0 to mimic changing chemical structure, temperature or liquid packing fraction,
but here a single representative melt value of S0 = 0.25 is employed, corresponding, for example,
to a polystyrene melt at T ≈ 130 C◦ [12, 26]. We first discuss the role of the particle size, which
is expected to provide the leading-order contribution that determines the magnitude of the non-
hydrodynamic effect.
4.3.2 Effect of particle size
Figure 4.2 presents model calculations of the total relative diffusivity D(rel)(h) as a function of h/2R
for two reduced particle diameters, 2R/dT = 10 (2R≈ 30 - 80 nm for polymer melts) and 2R/dT =
80 (2R ≈ 120 - 320 nm) [23]. The y-axis is normalized by the single-particle Stokes-Einstein
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Figure 4.2: Relative diffusivity normalized by the single-particle Stokes-Einstein self-diffusion co-
efficient as a function of h/2R based on the structural continuum model. Calculations are presented
for 2R/dT = 10 and entangled melts with N/Ne = 1 (dash), 4 (short dash), 16 (short dot), 128 (dash
dot). The hydrodynamic result (solid curve) is also shown as a reference. (Inset) Same as main
frame for larger particle size (2R/dT = 40).
result, DSE = kBT/6πηfullR, while the range of the x-axis satisfiesh/dT = (h/2R)(2R/dT )& 0.25,
or h & dT/4≈ 1 - 2 nm ∼ σ , the regime of h where our theory is argued to be reasonable.
Figure 4.2 exhibits several interesting trends. First, the relative diffusivity approaches the
asymptotic value D(self)/DSE at h/2R 1, verifying the ”isolated” limit. Note that it does not
necessarily approach unity if a Stokes-Einstein violation is present at the single-particle level.
Since the difference between 2R/dT = 10 and 2R/dT = 40 is most clearly characterized in this
large-h region, one can anticipate that this asymptote, or the non-hydrodynamic effect at the single-
particle level, represents the leading-order particle-size effect for the relative two-particle diffusiv-
ity. Indeed, the overall deviation of D(rel)(h) from the hydrodynamic result is enhanced as 2R/dT
decreases or N/Ne increases, in analogy with the single-particle Stokes-Einstein violation effect
presented in Chapter 2. Therefore, its physical mechanism can be understood in an analogous
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way; small nanoparticles acquire high mobility due to a weaker coupling to the slow relaxation of
entangled melts compared to the continuum theory. As a consequence, the overestimate of friction
by a hydrodynamic approach grows as particle size decreases and/or chain length increases.
The second general feature in Figure 4.2 concerns the role of the number of entanglements,
N/Ne. We do not see noticeable deviation from the hydrodynamic behavior for weakly-entangled
cases (N/Ne ∼ 1) for either particle size. One may physically rationalize this result by recalling
the Rouse-like collective relaxation is diffusive above the segmental length-scale, suggesting the
continuum description may apply down to a small separation (e.g., a segment size or Rg, typically
a few nm for short chains). However, positive deviations grow in rapidly as N/Ne increases,
indicating the increasing importance of the entanglement contribution. Note the relevant length-
scale is now mesoscopic and a much larger viscosity is associated with this mechanism. These
results suggest that at low particle concentrations, the non-hydrodynamic pair effects are expected
to be important only for sufficiently entangled melts. We also see the saturation of the N/Ne-
dependence at N/Ne ∼ 16 in this representation, which will be discussed below.
Perhaps the most important feature of Figure 4.2 is the predicted non-trivial mobility enhance-
ment compared to the hydrodynamic result over a wide range of h/2R. Hydrodynamics predicts
zero relative diffusivity as h→ 0, whereas our result remains non-zero down to small separations
as analyzed in Sec. 4.3.3. The deviation is most apparent at small h (. dT ) where even the
2R/dT = 40 particle (2R ∼ 120 - 320 nm) exhibits O(10) times faster relative diffusion than the
hydrodynamic expectation. This is a central result of our theory; whereas the non-Stokes-Einstein
behavior is essentially absent for mesoscopic particles at the single-particle level (D(self)/DSE ≈ 1
for 2R/dT = 40, see Chapter 2), the pair motion can still experience enhanced mobility as they
come into contact. It is noted that the non-hydrodynamic relative diffusivity is determined by
forces from all surrounding polymer segments, both in between and outside the spatial region sur-
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Figure 4.3: Normalized non-hydrodynamic cross-diffusivity as a function of h/2R. Calculations
are shown for one particle size (2R/dT = 10), the structural continuum model, and N/Ne= 1 (dash),
4 (short dash), 16 (short dot), 128 (dash dot). Solid curve is the hydrodynamic result. (Inset) Non-
hydrodynamic cross-diffusivity normalized by ∆D∗ ≡ ∆D(rel)(h/2R = 1/8)for N/Ne = 128 and:
2R/dT = 10 (solid), 40 (dash), 200 (short dash), 400 (short dot). A horizontal line of 1/e is shown
as a guide.
rounding the two particles. The former is increasingly significant at smaller particle separations,
while the latter is always relevant for mesoscopic or smaller particles experiencing the single-
particle non-Stokes-Einstein effect.
Effect of interparticle separation: Cross diffusivity
To investigate the fundamental difference between the continuum and microscopic approach, here
we focus on the non-hydrodynamic part of the relative diffusivity, D(rel)non-HD(h), and its spatial de-
pendence. One way to characterize it is to study only the h-dependent part, or the cross-diffusivity
∆D(rel)non-HD(h), which grows as h decreases and approaches zero at infinity as discussed in Sec. 4.3.





as a function of h/2R for one particle size (2R/dT = 10). While hydrodynamic lubrication the-
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HD = 1 indicating a maximal correlation of
the two-particle long-time dynamics [37], the non-hydrodynamic effect exhibits a much weaker
growth with decreasing particle separation. This represents a key physical factor that leads to
the enhanced relative diffusion; molecular-level relaxation couples the nanoparticle dynamics in a
non-divergent manner, resulting in nonzero mobility as particles come into contact.
One can compare the asymptotic dependence of Fig. 4.3 with our limiting analytic analysis.
The cross diffusivity indeed decays as 1/h2 at large h, verifying Eqn. (24). The weak h-dependence
for small h also confirms our discussion in Sec. IIIC. The behavior can be further organized by
comparing different particle sizes at fixed degree of entanglement. The inset of Fig. 4.3 shows
one example with N/Ne = 128, for which the chain-length dependence becomes negligible. Nor-
malization at a given separation in units of particle diameter (h/2R = 1/8) allows the long-range
decay to be clearly seen. The general form of ∆D(rel)non-HD(h) is found to be quasi-exponential up to
approximately h∼ 2R, independent of particle size.
Deviations from hydrodynamics
To quantify the effect of interparticle separation h on the relative diffusivity and its deviation from













which is normalized to unity in the isolated limit (h→ ∞). Equation (4.30) is equivalent to di-
viding out the single-particle Stokes-Einstein violation ratio from Fig. 4.2, which represents the
leading-order -dependence as discussed above. An example of γ(h) is shown in Fig. 4.4 as a func-
tion of h/dT for fixed values of 2R/dT and N/Ne. The magnitude of this space-dependent non-
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Figure 4.4: Reduced relative diffusivity as defined in Eqn. (4.30) as a function of h/dT based on
the structural continuum model. Results for 2R/dT = 10 and N/Ne = 1 (dash), 4 (short dash), 16
(short dot), 128 (dash dot) are displayed along with the hydrodynamic result (solid). (Inset) Same
as main frame for 2R/dT = 40.
hydrodynamic violation is quantified by forming the ratio of γ(h) with its hydrodynamic counter-
part, γHD(h)≡ D(rel)HD (h)/D
(rel)
HD (h→ ∞) = (6h′
2 +4h′)/(6h′2 +13h′+2). This quantity focuses on
the deviation of the h-dependent part of the relative diffusivity, excluding the non-hydrodynamic ef-
fect at the single-particle level. Note that it agrees with the full diffusivity ratio, D(rel)(h)/D(rel)HD (h),
as 2R/dT  1 where D(self)/DSE→ 1.
Figure 4.5 shows the result of this analysis as a function of degree of entanglement at vari-
ous fixed interparticle separations for one representative particle size, 2R/dT = 10. The mobil-
ity enhancement dramatically increases upon moving from the onset of entangled dynamics at
N/Ne ∼ 1 to the modestly entangled regime, where the heavily entangled regime can be identified
as N/Ne & 16. Recall that γHD(h) does not involve N/Ne, so the saturation of the N/Ne-dependence
indicates the reduced diffusivity γ(h) becomes independent of chain length. This is a signature that
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both the relative and the single-particle diffusivities are controlled by the entanglement contribu-
tion (quadratic inN/Ne) to the non-hydrodynamic friction, and thus the N/Ne-dependence vanishes
in their ratio. Note that the same behavior is found for the single-particle Stokes-Einstein violation
ratio [12].
In order to characterize the spatial dependence in an alternative and perhaps clearer man-
ner, Fig. 4.6 re-plots the results of Fig. 4.5 as a function of the reduced interparticle sepa-
ration and for various degrees of entanglement. Note the overlap for large N/Ne representing
the heavily entangled regime. The ratio approaches unity as h/dT → ∞ because of the normal-
ization, and smoothly increases as the separation is reduced. In analogy to the single-particle
Stokes-Einstein violation [12], the mobility enhancement becomes significant as the interpar-
ticle separation approaches the mesoscopic tube-diameter scale, below which the microscopic
force relaxation controls the tagged particle relative motion. To provide a quantitative measure,
we define a crossover separation length, h∗, at which the non-hydrodynamic contribution be-
gins to be significant. One expects this length is comparable to the relevant length-scale of




∗)]/[D(self)/DSE] = 2, which has a simple interpreta-
tion of D(rel)non-HD(h
∗) = D(rel)HD (h
∗) in absence of the single-particle Stokes-Einstein violation. If one
focuses on the heavily entangled regime (N/Ne & 16), Fig. 4.6 predicts h∗ ' 2dT , in qualitative
accord with our expectation.
Finally, we study the role of particle size in the heavily entangled regime. The inset of Fig. 4.6
shows calculations for N/Ne = 128 and various particle sizes. It appears that the R-dependence
vanishes at sufficiently large 2R/dT , while a quasi-scaling regime can be seen at h/dT < 1 where
the apparent -dependence is h−0.85, in agreement with Eqn. (4.29) at leading order. Further com-
parison with Eqns. (28) and (29) suggests that F(h/R,R/dT ,S0)∼ h0.15, providing an example of
106
Figure 4.5: Ratio of the reduced relative diffusivity and its hydrodynamic counterpart as a function
of N/Ne for selected values of (from top to bottom): h/dT = 0.25 (solid), 1 (dash), 4 (short dash), 16
(short dot) and 128 (dash dot). All calculations employ 2R/dT = 10, N/Ne= 16, and the structural
continuum model.
Figure 4.6: Re-plot of Fig. 4.5 as a function of h/dT for entangled melts where (from top to
bottom): N/Ne= 1 (solid), 4 (dash), 16 (short dash) and 128 (short dot). (Inset) Ratio of the
reduced diffusivity with N/Ne = 128 and (from bottom to top) 2R/dT = 4 (solid), 10 (dash), 40
(short dash), 200 (short dot), 400 (dash dot).
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Figure 4.7: Reduced relative diffusivity as a function of h/dT calculated with PRISM theory struc-
tural input at ε/kBT = 0 (dash), 2 (short dash), 4 (short dot). The structural continuum model result
(solid) is shown for comparison. Entanglement parameters are fixed to N/Ne = 16 and dT/σ= 4
while particle sizes are: 2R/σ= 10 (main frame), 12 (inset).
the weak -dependence of the non-hydrodynamic effect at small separations as discussed in Sec.
IIIC.
4.3.3 Effect of Molecular-Level Packing and Interfacial Adsorption
Finally, we present a few results that illustrate the dynamical consequences of non-trivial packing
structure and polymer adsorption on nanoparticles. The required structural inputs are the polymer
structure factor S̃pp(k) and the nanoparticle-polymer total correlation function hnp(r) = gnp(r)−1,
which are computed using PRISM theory with the Percus-Yevick closure [28, 35, 46] and Eqn. (1)
with d = 0.75 (σ = 1). A polymer packing fraction of 0.4 is used to mimic polystyrene melts for
which S0 ' 0.25.
Figure 4.7 shows model calculations of the reduced relative diffusivity γ(h) with several ad-
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sorption strengths for a heavily entangled (N/Ne = 16) melt. Reference results based on the ran-
dom structural (continuum) model are shown for comparison. Calculations are performed for
2R/σ = 10, 12 with dT = 4 to maintain the desired 2R > dT condition. Several trends are evi-
dent. First, the structural continuum calculation is close to that of the athermal (ε = 0) PRISM
result, indicating the validity of the simplified model for the studied particle range, 2R & σ . With
increasing adsorption strength, the mobility enhancement is reduced. This reflects an increasing
local structural correlation between nanoparticles and polymers, though its influence is weak even
with a strong attraction (ε = 4kBT ). We have verified that D(rel)(h) has similar qualitative and
quantitative dependences on ε . Therefore, we conclude that local packing correlations appear to
have minor consequences for a pair of mesoscopic particles, presumably because their dynamics is
controlled by the slow polymer matrix relaxation on larger scales. However, as a caveat we again
note that possible particle-induced modification of local polymer dynamics (e.g. at the interface or
under confinement) has not been taken into account. The quantitative validity of this assumption
remains an open question, and is a frontier issue in recent experimental and simulation studies [5,
45-48].
4.4 Summary and Discussion
We have formulated a microscopic theory for the relative diffusion coefficient of a pair of spherical
nanoparticles in entangled polymer melts in the mesoscopic regime where σ < dT ≤ 2R and h> σ .
The key features involve two-particle GLEs, mode coupling theory, physical ideas based on a
time-scale separation, and knowledge from polymer physics. An expression for the separation-
dependent relative friction coefficient is obtained in terms of the equilibrium particle-polymer and
polymer-polymer packing structure, and relaxation dynamics of the collective polymer density
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fluctuations.
Based on a simplified structural model where local non-random packing correlations and particle-
polymer attractions are neglected, it is possible to express the non-hydrodynamic relative diffusiv-
ity, D(rel)non-HD, as a k-space integral of analytic functions of 2R, dT , N/Ne, S0 and h. Since two
independent length-scales (2R and h) control the diffusivity, the hydrodynamic violation effect is
quantified in a two-fold manner. First, the overall magnitude of the relative diffusivity is deter-
mined by the size ratio 2R/dT and the degree of entanglement N/Ne, leading to a larger deviation
as 2R/dT decreases and/or N/Ne increases, in analogy to the single-particle Stokes-Einstein viola-
tion effect [12]. On the other hand, a richly varying, separation-dependent mobility enhancement
relative to the hydrodynamic behavior is predicted that is essentially independent of the particle
size. This is consistent with the surface-like nature of the problem for particles that are larger than
the tube diameter but separated by less than this polymer mechanical mesh length. As a main result,
while the non-hydrodynamic effect is small at the single-particle level for the studied particle sizes
(2R/dT & 10), the space-dependent part does exhibit non-trivial enhancement as the interparticle
separation becomes sufficiently small. With the leading-order particle size effect separated out, we
estimate that the space-dependent enhancement effect begins to become significant at h∗ ∼ 2dT , a
length-scale characterized by the polymer entanglement. We obtain analytic results in the heavily
entangled (N/Ne 1) and wall-like (2R/dT  1) regimes, for which the asymptotic h-dependence
has been derived in two limits. At large h the non-hydrodynamic diffusivity D(rel)non-HD(h) scales as
h−2, while very weak h-dependence is predicted at small h with an apparent scaling of h−0.15 if
2R/dT  1 and N/Ne 1. Importantly, the non-hydrodynamic effect is found to be very small or
negligible for unentangled melts.
Although one might expect noticeable dynamical consequences of local packing correlations
and nanoparticle-polymer attractions on the relative diffusivity, we do not see major effects in the
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studied parameter range based on our simplifying assumption of unmodified polymer dynamics.
The impact of polymer-mediated potentials of mean force [35] is not addressed in our long-time
analysis, though this aspect can be studied with our approach for problems such as the rate of
diffusion-controlled reactions in high-friction systems, which involves both the space-dependent
diffusivity and the PMF [45].
We are not aware of any simulation or experimental work that addresses the systems we have
studied. However, our present results, combined with the previous single-particle study [12],
lead to non-trivial implications in interpreting the relative significance of hydrodynamic and non-
hydrodynamic effects. A primary goal has been to provide a quantitative guide to estimate the
nanoparticle mobility/friction, and determine the validity of continuum theory on different length-
scales or levels of coarse-graining. The latter is especially important for the construction of coarse-
grained simulation approaches for polymer nanocomposites where explicit polymer degrees of
freedom are removed [15]. The nave adoption of a hydrodynamic model for polymer-mediated
friction between nanoparticles could result in O(102) overestimate of the viscous force, while re-
duction of the separation-dependent relative mobility could be increasingly overestimated as the
particles come close to each other.
There are many open directions for future work. For example, our ideas can be generalized to
treat polymer solutions, including the role of variable solvent quality and large physical meshes.
Within the Brownian framework, the full time dependence of the relative particle mean-square
displacement can also be studied using GLE methods. Perhaps of largest importance for polymer
melts would be to study the effect of higher nanoparticle concentration, where interparticle cor-
relations will modify the nanoparticle dynamics at both the single- and two-particle level. Extra
complications include how the equilibrium packing structure changes with particle loading, as well
as the modification of polymer relaxation dynamics resulting from the confinement by particles.
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A different direction is to address nanoparticle shape anisotropy, and we have developed a theory
for translational and rotational diffusion in the dilute particle limit (although not presented in this
dissertation).
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[30] Y. Li, M. Kröger, and W. K. Liu, Macromolecules 45, 2099 (2012).
[31] G. N. Toepperwein, N. C. Karayiannis, R. A. Riggleman, M. Kröger, and J. J. de Pablo,
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Chapter 5
Dynamic Mean-Field Theory for Composite
Systems
5.1 Introduction
1Slow dynamics of macromolecules in the presence of spherical objects is a ubiquitous problem in
soft matter science. Rod-like polymers are an extensively studied class for which rich dynamical
behavior occurs, e.g., the anomalous transport of proteins in crowded cellular environments [1],
colloidal motion in filamentary gels [2], and motion of stiff biopolymers in porous media [3].
Of central interest to materials science is polymer nanocomposites (PNC), where the addition of
nanoparticles (NP) to macromolecular liquids can induce strong modifications of various properties
[4]. Theoretical understanding of such hybrid polymer-particle systems is in its infancy.
In the absence of particles, a successful description of the entangled dynamics of polymer liq-
uids is given by the reptation-tube model [5]. The model is based on the phenomenological “tube”
ansatz that the many-body uncrossability constraint is represented by the confinement tube, and the
long-time polymer dynamics is slaved to the curvilinear motion along the contour (reptation) [5].
However, an extension of the tube model to PNCs is difficult due to its strongly phenomenological
treatment of entanglement physics. For example, the presence of multiple length-scales, inter-
nal polymer-particle interfaces, and the finite excluded volume of NPs render unclear the validity
of the reptation ansatz and the nature of an effective tube; there is no a priori understanding on
1Reproduced in part with permission from U. Yamamoto and K. S. Schweizer, ACS Macro Lett. 2, 955 (2013)
(http://dx.doi.org/10.1021/mz4004634), Copyright 2013 American Chemical Society.
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Figure 5.1: A schematic of entangled needles in a matrix of spherical obstacles. The key length-
scales, two diffusion constants, and the pure-needle confinement tube (diameter dT,0) are shown.
how the ultimate source of entanglements, the topological uncrossability, incorporates with the
other dynamical constraint imposed by the particle excluded volume. A natural unification of two
concepts requires a generalized theory for entanglements, but it has not been possible without a
first-principles microscopic description of dynamical uncrossability constraints.
In this Chapter, we develop a first-principles microscopic theory that addresses the above en-
tangled polymer physics questions based solely on the polymer topological uncrossability and
particle excluded volume effects. The approach treats the two dynamical constraints in a unified
statistical-mechanical framework, leading to a generalized theory of entanglements that includes
the excluded volume effect. Specifically, we focus on a liquid of rods in a matrix of hard spherical
obstacles (diameter 2R) where rods are modeled as infinitely-thin non-rotating topological objects
116
(“needles” of length L) and spheres could be either treated as mobile or immobile obstacles. Note
that two new dimensionless length-scale ratios enter: the needle-sphere aspect ratio, L/2R, and the
sphere to the pure-polymer (“bare”) tube diameter ratio, 2R/dT,0, which quantifies how particles
fit into the entanglement mesh (see Fig. 6.1).
The remaining part of this Chapter is composed as follows. In Section 5.1, we focus on the the-
oretical development of the two-component generalization of the dynamic mean-field approach.
Derivations are presented in a manner that technically applies to any type of shapes, but from
Section 5.2 on we specialize to the mixture of infinitely-thin rods and spheres under the random
packing condition. Section5.2 formulates the long-time diffusion of rods and spheres, and Section
5.3 summarizes our approach for the transverse localization length. A brief summary is presented
in Section 5.4. The focus of this Chapter is to develop the general theoretical framework; discus-
sion on its consequences will be presented in Chapter 6.
5.2 Two-Component Dynamic Mean-Field Approach
We generalize the first-principles dynamical theory for pure topologically entangled needle liq-
uids developed by Szamel [6, 7]. This approach has successfully derived the emergence of a tube,
the tube diameter, and diffusion constants [6, 7], and has been recently shown to quantitatively
agree with simulations of the transverse and rotational diffusion constants of needle fluids over all
concentrations [8]. Our generalization requires formulating tractable coupled Smoluchowski evo-
lution equations for both rods and spheres in the mixture, which considers the Brownian evolution
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Here, αi represents the species index for particle i,~ri is its coordinate (including orientation where
necessary), and the dependence on the initial configuration has been omitted. In the N→ ∞ limit,
the coupled N-body dynamics can be described by a set of hierarchical equations that relate the
time evolution of the n-body distribution to an integral over the n+1-body distribution [10]. The






















































where D̂(α)0 is the dilute or “bare” self diffusion tensor of species α , ~F
α1α2(12) is the pairwise force
acting between particle 1 and 2, D~r(αi) is the measure of integration where D~r(αi) = (4π)−1d~rd~ui if
particle i has orientational degree of freedom (given by unit orientation vector,~ui), and D~r(αi) = d~r
otherwise. Physically, D̂(α)0 is the short-time diffusion constant of species α that defines the Brow-
nian time-scale of their motion. Note Eq. (5.2) and (5.3) involves summation over α ′, implying
that the evolution of a given species depends on all the other species. Conventionally, the pairwise
force corresponds to a conservative force and the hard-core type interactions (both topological un-
crossability and excluded volume constraint) are imposed as non-overlapping spatial constraints
in the dynamical evolution. However, such singular hard-core force can be also encoded into the
Smoluchowski formalism based on using the “T-operator” method [11], that is,
β~F(α1α2) = β~F(α1α2)consv. +~T (α1α2), (5.4)
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where ~F(α1α2)consv. is the conservative part of the force and ~T (α1α2) is the T-operator imposing the non-
overlapping constraint between particle α1 and α2 in the form of an “impulse force”, which can
be derived based on the geometry of contact between the two particles. The approach is formally
applicable to any pair of particles that have arbitrary shapes.
To derive the two-component version of the dynamic mean-field approach, one needs to gener-
alize two essential quantities. One is the effective diffusion tensor:
~j(α)1 (~r
(α)










dt ′ D̂(α)e (~r
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1 −~r






















1 ; t)ρβ gαβ (~r), (5.6)
where gαβ is the center-of-mass pair correlation function between species α and β . Once Eq.
(5.5) and (5.6) are defined, one can follow the original derivation of Ref. [7] with the same type of
approximations to obtain the formal result. Specifically, we terminate the infinite hirarchy of Eq.
(5.2) - (5.3) at the two-body level, and include all higher-order correlation effects into the effective
diffusion tensor using a self-consistent closure. The general k-dependent result is



















where Ω(αβ )†e is the adjoint of the effective Smoluchowski operator describing the effective Brow-
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The k→ 0 limit of Eq. (5.7) yields the self-consistent equation for the effective diffusion tensors:















Note Eq. (5.9) involves the derivative of the pair correlation function, which introduces the poten-
tial of mean force and thus enables the treatment of non-random packing correlations.
We now focus on a mixture of uncrossable rods and finite excluded volume spheres. The ex-
pression for the diffusion tensor depends on the considered shape of the object. For rods, it is











0 Î. The T-operator
between species α and β is generally obtained as a derivative of the spatial non-overlapping con-
dition between the two particles [11]. The rod-rod T-operator (in the infinitely-thin limit) is [7]
T (rr)(12) = ω̂12 lim
σ→0+
δ (| ~ω12|−σ)Θ(L/2−|a|)Θ(L/2−|b|), (5.10)
where σ is the diameter of the rod, ~ω12 is the component of the relative separation vector, ~r,
perpendicular to both~u1 and ~u2, and
a≡ ~r ·~u1− (~r ·~u2)(~u1 ·~u2)
1− (~u1 ·~u2)2
, b≡ ~r ·~u2− (~r ·~u1)(~u1 ·~u2)
1− (~u1 ·~u2)2
. (5.11)
The rod-sphere T-operator has two components corresponding to the impulsive force in the parallel
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and perpendicular direction to the rod:













































where ~ω⊥,12 (~ω‖,12) is the component of the rod-sphere center-of-mass separation vector parallel







∣∣∣∣~ω‖,12− (~u1 · ω̂‖,12)L2 ~u1
∣∣∣∣2. (5.13)
The sphere-sphere T -operator is obtained straightforwardly: ~T (ss) = δ (|~r| − 2R) where ~r is the
center-of-mass separation vector between the two particles.
5.3 Long-Time Diffusion Coefficient
5.3.1 Theory



















which can be viewed as the long-time expression of the Green-Kubo relation for the long-time







′)T (~r) = ~T (αα
′)T (12), (5.15)
and replace the Ω†−1e ~T
T factor in Eq. (5.14) with ~f T . The discussion on the rod-rod component has
been presented in Ref. [7], and here we focus on the rod-sphere component. It is most conveniently
handled in cylindrical coordinates where the origin is placed at the rod center-of-mass and the z-
axis is aligned with the rod orientation. One can then express the relevant vector functions as
~f (rs) = ρ̂ f (rs)ρ + ẑ f
(rs)
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. (5.17)





Substitution of Eq. (5.16) and (5.17) into Eq. (5.15) yields partial differential equations for each
component of ~f (rs). Its regular part is the Laplace equation, ∇′2 f (rs)i = 0, while the singular parts







































































The boundary ∂Ω corresponds to a “distorted” sphero-cylinder composed of a cylinder of length
γε and oblate spheroidal caps of unit equatorial radius and polar radius ε . While the left-hand
side of Eq. (5.18) and (5.19) formally involve two derivatives, one realizes that they represent
normal derivatives to the boundary on both the cylindrical and the spheroidal domain; the former
is trivial, and the latter can be verified for each cap by shifting the z-axis via ±γε and changing to
an appropriate spheroidal coordinate.
However, obtaining a closed analytic form is still not feasible without an approximation on the
boundary shape. Specifically, we approximate the distorted sphero-cylinder by a spheroid with
the same aspect ratio, (1+ γ)ε , which is an exact procedure if γ → 0. The appropriate orthogonal







1−µ2, z′ = aζ µ, ϕ = tan−1(y′/x′), a =
√
(1+ γ)2ε2−1, (5.20)
where ζ ∈ [1,∞), µ ∈ [−1,1], and the boundary surface is now specified by ζ = ζ0 ≡ (1 +
γ)ε/
√
|(1+ γ)2ε2|−1. Note that Eq. (5.20) applies only if (1+ γ)ε > 1, otherwise equivalent
expressons for the oblate spheroidal coordinate are required. In the former case, the Laplace equa-















f (rs)i (ζ ,µ) = 0,
(5.21)
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To obtain expressions for the oblate coordinate system, one trivially replaces ζ 2−1 with ζ 2+1 in
Eq. (5.21) - (5.23). In both cases, a general solution to this mathematical problem is obtained via
separation of variables, and the one that is axially symmetric and convergent at ζ → ∞ is given by





where Pn(µ) is the Legendre polynomial of the first kind, and qn(ζ ) is essentially the Legendre
















Note qn(x) is replaced by i(n+1)qn(ix) for the oblate spheroidal coordinate. The coefficients An
are determined by substituting Eqn. (5.24) into Eqn. (5.22) - (5.23) and using the orthogonality
relation for the Legendre polynomials,
∫ 1
0 dµPn(µ)Pm(µ) = 1/(2n+1)δnm. Thus, we find













































1−µ2P2n(µ) and c2n+1(x) ≡
∫ 1
x dµ(µ − x)P2n+1(µ), and
the minus-plus symbol corresponds to the prolate ((1+ γ)ε > 1) and oblate ((1+ γ)ε < 1) coordi-
nate system, respectively. By following a similar procedure for the sphere-sphere component, one
straightforwardly finds





Substituting Eq. (5.26), (5.27) and (5.28) in Eq. (5.14) via [Ω(rα)†e ]−1~T (rα) = ~f (rα) and taking
appropriate tensor contractions yields the final key self-consistent equations:
D(r)⊥
D(r)⊥,0































where ε ≡ (D(r)⊥ +D
(s))/(D(r)⊥ +D

























































~f (ss)T (~r). (5.35)
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Equations (5.29) - (5.35) are the main formal results. Analytic expressions for Eqs. (5.32) -
(5.35) can be obtained if one further adopts random packing structure model, for which the pair






= ~T (αβ )(~r)gαβ (~r). (5.36)
For the rod-sphere component, one has grs(~r) = Θ(ζ −ζ0) and







δ (ζ −ζ0)+ ẑ
µ(ζ 20 ∓1)
aR(ζ 20 ∓µ2)
δ (ζ −ζ0). (5.37)




















































F(ss) = 4. (5.41)
The asymptotic form of Eqs. (5.39) - (5.40) are discussed in Chapter 6.
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5.3.2 General Results
The general form of Eq. (5.29) - (5.31) demonstrates several important aspects of the compos-
ite dynamics. First, the rod longitudinal diffusivity becomes surpressed by addition of spheres
and is coupled to the transverse via the second term of Eq. (5.30), showing a qualitative break-
down of the pure needle picture where the longitudinal reptation motion always remains “free”
and the two diffusivities are independently controlled [5–7]. Second, the coupling among the three
diffusivities are self-consistently determined essentially by two distinct diffusivity ratios: the rod
internal anisotropy, D(r)⊥ /D
(r)
‖ , and the rod-sphere relative mobility, D
(r)
‖ /D
(s). The latter quanti-
fies the relative importance of the transverse and longitudinal motion, while the former determines
the dominance of the nanoparticle mobility in the rod-sphere relative diffusion, entering through
D(s)+D(r)⊥ and D
(s)+D(r)‖ .
The competiton between the above two ratios plays the most significant role in the rod-sphere
collision contributions, F(rs)⊥ and F
(rs)
‖ , which involve the “cross-component” transverse-longitudinal




(s)). The form of this quantitiy suggests that the
nanoparticle effect on the coupling between the perpendicular and parallel motion, and hence on
the importance of the rod motional anisotropy, can be qualitatively different depending on the
rod-sphere relative mobility. For example, if D(s) D(r)⊥ ,D
(r)
‖ the nanoparticle behaves as static
obstacles and plays no role in the rod-sphere relative diffusion; in other words, the rod dynamics
is controlled by its own motion. This self-consistently enhances the coupling between the trans-
verse and longitudinal mobility, and the breakdown of the pure needle mechanism is expected to
be maximized in this limit. Detailed analysis of this interesting case is conducted in Chapter 6.
On the other hand, spheres lead to the opposite consequences in the other limit (D(s) 
D(r)⊥ ,D
(r)
‖ ) where they not impose dynamical constraints on the time-scale of rod diffusion. A
direct effect comes from the magnitude of the rod-sphere collisions terms, which is inversely pro-
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portional to D(s), while an indirect effect is understood via the coupling parameter, ε , which is
now dominated by the sphere mobility (ε → 1) and removes the dependence on the rod diffusion
anisotropy. The latter suggests that the transverse-longitudinal coupling is minimized and the rod
motion would recover more pure-needle like behaviors. These arguments can be demonstrated by





































′2)] is the transverse diffusion constant of pure needles.
Note that ε → 1 suggests the coupling via F(rs) is removed in this limit, leading to a pure-needle
picture where the parallel and perpendicular motion are independently determined. Moreover,
Eqs. (5.42) - (5.43) are equivalent to the pure needle result except the bare diffusivities are reduced
by the factor of 1+ φs(D
(r)
⊥,0/D
(s))F(rs)⊥ (1;γ) (i =⊥,‖). Thus the effect of adding very mobile
(penetrant) particles can be viewed as a modification of the bare friction. One can identify the cor-
resonding non-universal “intrinsic viscosity” as ηi = (D
(r)
i,0/D
(s))F(rs)i (1;γ) (i =⊥,‖) if the sphere
diffusion is assumed to be a constant.
Furthermore, the form of Eq. (5.44) agrees with the “frozen rod” limit of Eq. (5.31), consistent
with the physical limit considered. This limiting case can be separately studied, and based on the
random packing contribution one numerically finds F(rs)⊥ (ε;γ) ∼ γ
−α where α ≈ 2. Combining
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this result and Eq. (5.44) yields
D(s)
D(s)0






where a is some numerical coefficient and ξ ∝ (ρrL)−1/2 is the mesh size for the rigid rod-like
polymers [13]. At φs→ 0, Eq. (5.45) predicts the sphere motion becomes arrested by the frozen
rod network when 2R is a multiple of the mesh size, in a qualitative agreement with the behavior
of large colloidal particles in filament gels where 2R > ξ particles experience transient caging and
undergo activatied hopping transport [2].
5.4 Transverse Localization Length
In the presence of highly anisotropic diffusion, the long-time rod dynamics is controlled by the fast
longitudinal motion where the transverse motion appears transiently localized on the intermediate
time-scale. The spatial size of this region is, in the context of reptation-tube dynamics, identified
with the tube diameter [5, 7]. The dynamic mean-field approach of Szamel is able to address this
question by assuming the mean-square transverse displacement reaches a plateau at long-times
under the “frozen reptation” condition. This situation corresponds to the time window where the
transverse motion has experienced sufficient number of collisions (hence “long” compared to the
Brownian time-scale), but still “short” with respect to the long-time relaxation via reptation; this
presumes clear separation of time-scales. Technically, one can do the above procedure by literally





as z → 0 where r(r)l is the transverse localization length of the rod. Identification of the tube
diameter in this spirit has been commonly adopted in primitive-path (PP) simulation for flexible
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chains [14, 15].
While we adopt the same approach for composites, additional complexities arise due to the
length and time scale associated with the spheres; their role as obstacles differs depending on their
size and mobility, with the latter self-consistently coupled to the dynamics of rods. Specifically,
one can imagine the following three distinct regimes exist: (a) “completely mobile” obstacles that
essentially dilute the system, (b) “loose” or transiently-localized obstacles that start to affect the
rod localization below the reptation time-scale, and (c) “completely immobile” or pinned obstacles
with no vibrational caged motion as the extreme case of (b). In terms of the localization length
of spheres, the above three regimes are associated with a diverging, finite, and vanishing value of
r(s)l , respectively, where r
(s)
l is the sphere localization length defined via isotropic caging; D
(s)→
r(s)2l z/6.
The self-consistent equations to calculate r(r)l and r
(s)
l are obtained by substituting the above













































In Eq. (5.46) - (5.47), the rod-rod component has been already worked out in Ref. [7]. The
mathematical approach for the rod-sphere component is analogous to what is done in the previous
section, where one searches for a vector function satisfying [1−Ω(rs)loc ]~f
(rs) = ~T (rs) to replace the











f (rs)i = 0, (5.48)



























r(s)2l /6 and the same cylindrical coordinates as in the previ-
ous sections have been used. Equation (5.48) - (5.50) are again solved using multiple coordinate
transformations: the cylindrical coordinate is first re-scaled via ρ → ρ ′ ≡ ρ/A and z→ z′ ≡ z/B,






1−µ2, z′ = aζ µ, ϕ = tan−1(y′/x′), a =
√
(1+ γ)2ε2−1. (5.51)
Note the transformation is formally equivalent to Eq. (5.20) except ε here is defined via ε ≡ A/B.















f (rs)i (ζ ,µ) = 0,
(5.52)
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where the boundary ∂Ω′ is now approximated by the spheroidal surface specified by ζ = ζ0 ≡
(1+γ)ε/
√
|(1+ γ)2ε2−1|. The general solution is again obtained via separation of variables and
given by




n (µ; ia)Sn(ζ ; ia), (5.55)
where P(1)n (x;a) is the angular spheroidal function of the first kind, and Sn(x;a) is a particular linear
















m (µ;a) = δn,m/(4n+1), one obtains




















2n (µ; ia), (5.58)




































and the plus (minus) sign corresponds to (1+ γ)(A/B) greater (smaller) than unity. The rest of the
manupilation is analogous to the derivation of Eq. (5.32) - (5.35). By using the expression for ~f (rr)






























































)2 K(rs)⊥ (ε;γ)+K(rs)‖ (ε;γ)
3
, (5.61)
where In(x) (kn(x)) is the modified Bessel function of the first kind (modified spherical Bessel
function of the second kind), and K(rs)⊥ , K
(rs)
‖ are given as


































Note ζ0 and a are also functions of γ and ε . Equation (5.60) and (5.61) are the general result de-
scribing the transverse localization of rods in the presence of transiently localized spheres. How-
ever, the “completely immobile” or the B→ 0 case of Eq. (5.60) is a singular limit that is not
straightforwardly accessible from the above expression. We will return to this issue in next Chap-
ter and present an alternative mathematical approach.
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5.5 Summary
The dynamic mean-field approach for a liquid of topologically uncrossable objects is extended to
binary mixtures where one component is characterized by non-zero excluded volume. While the
framework is formally applicable to any type of non-overlapping objects, we specialized to the
case of a needle-sphere mixture. Starting from the generalized N-body Smoluchowski equation,
we formulated the effective Brownian evolution equation that imposes the exact inter-rod topologi-
cal uncrossability and the rod-sphere impenetrability constraint at two-body level. The many-body
correlation effects are encoded into the effective diffusion tensor, which is calculated using a self-
consistent closure. Coupled self-consistent equations for the anisotropic needle diffusion tensor
(transverse and longitudinal) and the sphere diffusivity are formulated, and are given via a real-
space integral involving pair correlations, needle-sphere aspect ratio, and species concentrations.
The theory can be specialized for the calculation of the transverse localization length using the
“frozen reptation” approach, and a general expression for the two localization length (needle and
sphere) is obtained. This general formalism enables one to study the Brownian dynamics of mix-
tures in various conditions, including a static limit where one species diffuse through a matrix of
frozen environments, as will be discussed in the next Chapter.
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Macromolecules 44, 1034 (2011).
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Chapter 6
Entangled Rod Dynamics in Static
Spherical Obstacles
6.1 Introduction
1In Chapter 5, we developed the generalized dynamic mean-field theory for a mixture of needles
and spheres. Here, we study its physical consequences for a special case: a needle liquid in a frozen
sphere matrix. Although a number of simplifications are involved, the theory can address many
fundamental questions regarding the entanglement physics in composites. Of particular importance
is the effect of the sphere excluded volume on two aspects of needle dynamics: (i) the transverse
localization length and (ii) the long-time anisotropic diffusion constants. Understanding of these
two aspects establishes fundamental knowledge of how the standard pure-polymer dynamics, the
reptation-tube model, is modified in the presence of obstacles.
Specifically, the first, and presumably the most fundamental question to address is how the ap-
parent tube diameter (transverse polymer localization length), which controls elasticity and long-
time dynamics in pure polymers, is modified in composites. This question has begun to be studied
very recently via experiment and simulation [4–7]. It has been found that NPs reduce the apparent
tube diameter, with a crossover from polymer entanglement to NP-controlled confinement [6] oc-
curring at high NP loading [5, 6]. No microscopic theory exists for this problem, and systematic
study of its rich parameter dependence on polymer size, NP diameter, concentrations, etc. has not
1Reproduced in part with permission from U. Yamamoto and K. S. Schweizer, ACS Macro Lett. 2, 955 (2013)
(http://dx.doi.org/10.1021/mz4004634), Copyright 2013 American Chemical Society.
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been elucidated.
The second, more dynamical question is how the mechanism of long-time polymer motion
changes in composites. Possible modifications can be envisioned in the context of the reptation
model: the tube could be smaller due to the additional confinement effect as mentioned above, and
the reptation motion could be qualitatively suppressed if the contour is blocked by NPs. Recent
experiments [8, 9] have indirectly studied the latter aspect via measurements of the retarded chain
center-of-mass (CM) diffusion. However, no microscopic understanding has been established.
We address the above two problems based on the “static-sphere” limit of the generalized dy-
namic mean-field approach developed in Chapter 5. Again, the rods are modeled as non-rotating
infinitely-thin topological objects (needles with length L), while spheres are treated as spatially-
fixed obstacles of diameter 2R; see Fig. 5.1 for illustration. Statistical microstructures are taken
to be random, and we include only the impulsive or collisional part of the mutual force (no con-
servative force). Note that “spatially-fixed” means the spheres are literally pinned, undergoing no
vibrational motion. We study the apparent tube diameter and anisotropic diffusion constants in
the composite as a function of length-scale ratios, polymer concentration and particle volume frac-
tion, and eventually address the question of how the reptation-tube theory breaks down or becomes
modified due to the excluded volume of spheres.
The remainder of this Chapter is organized as follows. Section 6.2 studies the transverse con-
finement length (tube diameter) and associated dynamic tube confinement potential. Here, a pre-
liminary extension to treat flexible chains is possible, and is briefly examined based on recently
developed coarse-graining and mapping ideas [10], and compared to both experiments and simu-
lations. Section 6.3 studies the long-time diffusivity of entangled or unentangled rods. We focus
on the theoretical predictions that are unique to this static sphere composite, and eventually iden-
tify how the reptatio-tube dynamics changes in composite systems. Section 6.4 concludes with a
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summary and future directions.
6.2 Localization Length and Dynamic Free Energy
6.2.1 Static Sphere Limit
As discussed in Chapter 5, we generalize the first-principles dynamical theory for topologically
entangled needle liquids [11, 12]. Although its generalization has been derived in Chapter 5, the
static sphere limit requires extra care since it corresponds to a singular limit of Eq. (5.60) - (5.61);
one cannot naively take r(s)l → 0 to obtain the result. Therefore, in this subsection, we briefly
review its theoretical structure and re-derive the appropriate expressions.
As shown in Chapter 5, the generalized theory yields two coupled self-consistent equations for
the frequency-dependent diffusion tensors of spheres and rods:











~T (αβ )(~r), (6.1)
where r and s indicate rods and spheres,~r is the center-of-mass separation of two particles,~ui is the
orientation vector of rod i, ρα is the number density of species α , grα are the pair correlation func-
tions (including orientational variable where necessary), the colon represents a double contraction
of tensorial indices, and D~r denotes the measure of integration where D~r = d~rd~u2/4π if α = r, and
D~r = d~r otherwise. The T-operators are already defined in Chapter 5, and a general expression for
the effective Smoluchowski operator is Ω(αβ )†e (z;12) =
(









Now the theory is further simplified by adopting the fixed sphere condition (hence D̂(s)(z→ 0) = 0
in Eq. (6.1), and polymer longitudinal (reptation) motion is frozen in the spirit of primitive path
simulations [4,5] to identify the transient tube localization length or tube diameter (dT ≡ 2rl). This
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l z/4 as z→ 0, and taking a tensor contraction

























~T (rs)) · (I−~u1~u1) ·~∇ correspond to the adjoint of the effective evolution operators that describe the
long-time localized dynamics under the influence of rod-rod and rod-sphere collisions entering via
the T-operator, ~T (rα) [13]. Physically, Eq. (6.2) self-consistently relates the mean square tube
diameter to the un-relaxed (localized) part of the long-time force-force time correlation function
as discussed in the context of glass physics [14, 15]. Here, the role of “force” is played by the
T-operator that imposes the transverse dynamic uncrossability and excluded volume constraints in
the form of an “impulsive” force.
In addition, for the random structural model, the pair correlation functions have a step-function





= ~T (αβ )(~r)gαβ (~r). (6.3)
Therefore, in the ρs→ 0 limit, Eq. (6.1) reduces to Eq. (3.29) of Ref. [11] for pure needle liquids.
To solve Eq. (6.2), one generally requires a vector function ~f (rα)(~r) such that Ω(rα)†loc ~f
(rα)(~r) =
~T (rα)(~r). Since the r− r component has been worked out previously [11, 12, 16], we focus here
on the r− s component. It is most conveniently handled in cylindrical coordinates with the z-
axis parallel to the tagged needle orientation, and the origin at the needle center-of-mass. Then,
the regular part of the above equation gives a Laplace-like partial differential equation for the
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f (rs)ρ (ρ,z) = 0, (6.4)










In this coordinate system, the boundary ∂Ω corresponds to ρ = R for |z| ≤ L/2 and√
ρ2 +(|z|−L/2)2 = R otherwise. However, the mathematical problem is not yet rigorously de-
fined since z does not enter dynamically due to the frozen reptation condition, which is why the
“singular limit” of Eq. (5.60) does not readily lead us to the static sphere result. This aspect is
handled by solving Eqs. (6.4) and (6.5) with z treated as an external parameter, corresponding to














~T (rα)(~r) = ~f (rα)(~r), and adopting the








































































and In (Ln) is the modified Bessel function (modified Struve function) of first kind [16]. Note that
the tensor contraction removes the~u1dependence, and the z-component of ~f (rs) does not contribute
after the tensor/vector contraction.
Equation (6.8) determines an apparent tube diameter in terms of two physically transparent
contributions associated with rod-rod and rod-sphere collisions, which are self-consistently cou-
pled via the localization length. Fixed spheres always enhance the rod-sphere confinement effect
(decrease dT ), whereas rod-rod entanglement can be either weakened or strengthened as particles
are added. Specifically, in solutions the spheres can occupy open spaces between rods, and thus
ρr can be independently controlled. In contrast, for dense melts at fixed total volume, extra space
is required to insert spheres and thus ρr may be reduced accordingly as ρr→ ρr(1−φs) (dilution
effect). How dT depends on the 3 dimensionless variables, L/2R, dT,0/2R, φs, therefore reflects a
subtle competition of effects.
6.2.2 Asymptotic Form
An analytic solution to Eq. (6.8) can be obtained by considering the rl  L and rl  2R regime,


















































Finally, using the high-density (small rl) asymptotic result for the pure needle localization length1,
rl,0/L∼ 8
√
























where φeff is an effective confinement parameter defined via φeff≡ φs(dT,0/2R)(1+L/2R) or φeff ∝
ρsRdT,0L. One formally expects Eq. (6.13) to hold for tightly confined cases, but we will see that
the formula works well in practice for all studied cases.
Qualitatively, the effective confinement parameter, φeff ∝ ρsRLdT,0, can be physically inter-
preted as the mean number of nanoparticles that penetrate the region of space defined by the bare
tube (diameter dT,0) while maintaining the excluded volume constraint with the tagged rod; this
situation can be schematically understood from Fig. 5.1. One can derive this geometric result by
realizing that in order for a nanoparticle to satisfy the above condition, its center-of-mass must be
located (relative to the tagged needle) in a cylindrical region of length L, inner radius R and outer
radius R+dT,0/2. The volume of this region scales as one power of each of the three length scales
under the conditions examined (dT,0/2 R,L), and hence the average number of NPs contained
in this region is ∼ ρsRLdT,0.
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Figure 6.1: Needle tube diameter normalized by the particle-free value as a function of sphere
volume fraction. Three aspect ratios (L/2R = 2, 4, 8 from top-to-bottom) with ρrL3 = 20 (solid)
and ρrL3 = 40 (dash) are employed. Squares indicate the crossover to the NP-confined regime
defined in the text and Fig. 6.2.
6.2.3 Tube Diameter for Rods
Figure 6.1 shows calculations based on Eq. (6.8) for weakly and modestly entangled systems where
the dilution effect is neglected. In accord with intuition, dT decreases as φs or L/2R grows, and
the trend monotonically weakens at higher ρr due to the increasing importance of needle-needle
entanglements. Remarkably, the inset of Fig. 6.2 shows that all the results can be collapsed onto
a master curve based on φeff for L 2R, which involves all three lengths of the system. The
physical basis of this result is provided by Eq. (6.13), and its form agrees extremely well with
the form of the master curve. Equation (6.13) suggests the tube reduction is controlled by the
filler volume fraction and two dimensionless length-scale ratios, dT,0/2R and L/2R, or one can
view φeff ∝ ρsRdT,0L as the single key quantity that determines how NPs modify rod transverse
localization. Specifically, as discussed in previous subsection, it has the following physical and
geometric interpretation; ρsRdT,0L is proportional to the average number of NPs that penetrate
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Figure 6.2: Effective tube diameter and master curve. The reduced tube diameter (black) is shown
for (ρrL3, L/2R) = (20, 8) (solid) and (40, 4) (dot); drod (red) and dNP (blue) are defined in the
text. Squares indicate the crossover φS to the NP-confined regime beyond which dNP < drod. (Inset)
Re-plot of Fig. 6.1 as a function of φeff with the same color code and line types. Note the good
collapse and the accuracy of Eq. (6.13) (shown by green dot).
into the cylindrical region of space defined by the bare tube (diameter dT,0) while maintaining the
excluded volume constraint with the tagged rod.
Another fundamental question is how much of the tube localization originates from rod-rod
forces or collisions compared to the rod-sphere analog. A phenomenological analysis has been




geo, where dapp is the
“apparent” tube diameter determined from neutron spin echo experiments, dgeo is the mean geo-
metric distance between a polymer segment and a NP, and dtube is the polymer-polymer entangle-
ment length deduced (defined) from the two other quantities [6]. Our theory can microscopically
address this issue by identifying 1/d2rod (1/d
2
NP) with the first (second) term of Eq. (6.8). At large
φs, Fig. 6.3 shows dNP becomes smaller than drod, demonstrating a crossover to the “NP confine-
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ment” regime [5,6]. This crossover disappears at large (small) enough values of ρrL3 (L/2R) where
inter-rod entanglements dominate tube localization. We emphasize that our dNP is a consequence
of many-body collisions and dynamic localization, and hence is not identical to dgeo.
6.2.4 Dynamic Tube Confinement Potential
The full dynamic tube confinement potential for transverse rod motion in nanocomposites can be
constructed based on the well-established nonlinear Langevin Equation (NLE) approach [14, 15].
The pure-needle application of NLE theory has been shown to quantitatively agree [10] with exper-
imental measurements [17] of the non-Gaussian tube confinement potential in heavily entangled







Fdyn(r⊥)+δ fs = 0, (6.14)
where ζs is the short-time friction coefficient, δ fs is the corresponding random fluctuating force,
and Fdyn(r⊥) = −
∫ r⊥














By construction of the NLE approach, setting Eq. (6.15) to zero and solving for r⊥ yields Eq. (6.8),
i.e. the position of mechanical equilibrium of Fdyn(r⊥) agrees with rl = dT/2 obtained above.
Figure 6.3 and 6.4 presents calculations of the normalized transverse displacement distribu-
tion, P(r⊥) ∝ e−βFdyn(r⊥). One sees that adding NPs or increasing the aspect ratio monotonically
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Figure 6.3: Transverse displacement distributions for needles. Results are shown for ρrL3 = 40,
L/2R = 4 and φs =0, 0.2, 0.4 (from right to left). (Inset) Un-normalized distribution as a function
of transverse displacement relative to the minimum of Fdyn and reduced by rl . Rod concentration
of ρrL3 = 40 and the displayed values of (φs, L/2R) are employed.
Figure 6.4: Transverse displacement distributions for different aspect ratios: L/2R = 1 (black), 4
(red) and 8 (blue) while ρrL3 = 40 and φs = 0.4. (Inset) Un-normalized distribution corresponding
to the main frame. Results are presented in the same manner as in Fig. 6.3.
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tightens the distribution, while the anharmonic shape and exponential tail previously predicted for
pure needle fluids [16] remain present. Interestingly, the shape of Fdyn is nearly (but not exactly)
universal if the relative displacement is scaled by rl [16], implying that the effect of NPs on the
anharmonic transverse displacement distribution is, to leading order, captured by simply renor-
malizing the tube diameter. The latter simplification is further supported by the following two
findings: to an excellent approximation, 〈r⊥〉 ∝ dT/2, and the maximum confining force, fmax,
obeys the same relation as for a pure needle fluid, fmax ∼ 2kBT (r−1l − r
−1
m ) , where the location





2rlL when Eq. (6.13)
applies.
6.2.5 Tube Diameter for Flexible Chains
Extending our theory to flexible chain melt nanocomposites is a challenging task. Even for pure
polymers at a primitive path (PP) level of description, development of a microscopic theory is
difficult due to a large number of correlated collisions between a pair of interpenetrating and un-
crossable coils [10]. The technical challenges significantly grow in PNCs, and one expects distinct
physical regimes including: (i) small NPs (2R dT ) akin to solvents that dilute the entanglement
network, (ii) large (2R dT or Rg) effectively immobile NPs which simultaneously confine mul-
tiple primitive paths [4], and (iii) intermediate-size (2R∼ dT ) NPs that may affect the confinement
tube only on the “local” scale of a single PP.
As a first theoretical attempt, we consider two approximate approaches for regimes (ii) and (iii)
motivated by recent coarse-graining and mapping ideas successfully developed for entangled chain
liquids [10]. The first represents a coil by a freely-jointed chain of PP steps of length Lewhich is
determined self-consistently and microscopically (see Fig. 6.5 for illustration). For treating tube
localization, this mapping can be viewed as a fluid of disconnected primitive path (dPP) segments
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modeled as uncrossable needles of Le = 5rl [10]. The reduced rod density ρrL3 then maps to Le/p,
where p(φs) is the invariant packing length [18] which may be fixed independently or varies with








































which highlights the fact that the theory predicts relative reduction of dT compared to the bare
tube, and φeff needs to be redefined using the PP-step length.
On the other hand, the second and more speculative “super-coarse-graining” (SCG) method
maps an entire chain to a single end-to-end vector needle via L→ Ree/
√
1.3 based on the instan-
taneous polymer conformational anisotropy, and implies ρrL3→ 10.54
√
N/Ne [10]. The result of












which suggests that φeff now involves radius gyration.
Both approaches, in combination with the entangled needle theory [16], agree well [10] with
experiments [17] and simulations [19] for the tube diameter scaling with packing length and the
full PP distribution in entangled chain melts. For PNCs, the usefulness of these coarse-graining
approaches is a priori unknown, and likely depend on the length-scale ratios of interest. Physically,
the dPP model seems most reasonable when 2R < dT , while the SCG mapping seems more appro-
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Figure 6.5: Reduced tube diameter as a function of sphere volume fraction for flexible chain melts.
Predictions are made using the dPP (solid and dash dot) and SCG (dash) models. Black, red,
and blue curves are the apparent tube diameter, dpolymer, dNP, respectively, while squares are the
simulation result [5] for the apparent tube diameter. The dash-dot curve is the dPP result without
the dilution effect. (Inset) Cartoon representing the dPP mapping.
priate if 2R > Ree; the latter condition is equivalent to 2R/dT,0 >
√
N/Ne based on dT,0 =
√
Neσ .
The above ideas are first tested against the entangled melt simulation of Ref. [5] where dT,0/2R≈
1.2, N/Ne ≈ 10 and Ree/2R≈ 2.8. We set p(φs) = p(0)/(1−φs) to reflect the change of polymer
number density in the simulation; dpolymer and dNP are obtained in analogy to the needle-sphere
theory described above. Figure 6.5 shows the predicted tube diameter reduction with NP loading
is in good agreement with simulation, and the two key features are captured: (i) the location of the
crossover to the NP-confined regime, and (ii) the reduced inter-polymer entanglement confinement
with increasing NP volume fraction. Note that our dpolymer is extracted in the presence of (and is
coupled to) the NPs, different from how dtube was obtained in Ref. [4] via the phantom particle
model [4,5]. Nevertheless, we do find an upturn of dpolymer corresponding to an effective reduction
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Figure 6.6: Predictions without the dilution effect based on SCG (solid) and dPP (dot).
Colors correspond to three representative systems motivated by recent experiments where
(2R/dT,0, 2R/Ree, N/Ne) ≈ (3.4,0.84, 17) [6] (green), (1.9, 0.64, 8.2) [8] (pink) and
(0.83, 0.36, 10) [5] (black). Dash-dot curves represent the SCG mapping result with N/Ne =
100 and the same values for (2R, dT,0).
of polymer-polymer entanglement, which is mainly due to the increasing packing length with NP
addition. Removing this dilution effect reverses the trend of dpolymer, but the effective tube diam-
eter is only weakly modified. On the other hand, the SCG model exhibits larger deviations from
simulation, as expected according to the physical length-scale criteria discussed above.
Additional calculations without the dilution effect are shown in the inset of Fig. 6.6 for pa-
rameters associated with recent experimental studies that involve silica NPs dissolved in melts of
PEP [6] or PMMA [8]. Both dPP and SCG results are shown since these systems do not cleanly
fall into the 2R/Ree > 1 or 2R < dT regimes. One sees that both theoretical models underestimate
the silica-PEP data of Ref. [6] where dT drops by 30 percent at φs = 0.6. Increasing N/Ne in the
SCG model results in the qualitatively new prediction that longer chains exhibit greater tube re-
duction due to polymer connectivity effects, and a similar trend is predicted upon decreasing the
NP diameter (not shown, but undestandable from Eq. (6.18)). Given the current theoretical sim-
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plifications, our results for these flexible chain nanocomposites require future testing via carefully
designed experiments or simulations.
6.3 Polymer Diffusion in Entangled Rod Composites
Now we study the long-time diffusivity of needles in an array of spatially-fixed hard spherical
obstacles. Note that in pure needle liquids, the longitudinal motion is always “free”, and the con-
finement tube emerges above the reduced rod number density, ρ∗r & ρ
∗
e ≈ 10 [11, 20], where the
“bare” or the pure-polymer tube diameter is dT,0 (∝ L/ρ∗r at ρ
∗
r  1 limit). While multiple sim-
plifications are introduced, a number of qualitatively new features can arise based solely on the
excluded volume of the obstacles. Its dynamical constraints are represented as two types of rod-
sphere collisions depending on the contact (see Fig. 5.1); a “side-on” collision which modifies the
transverse motion of the needle, a la inter-needle collisions, and an “end-on” collision which can
affect both the transverse and longitudinal motion simultaneously, leading to a qualitative break-
down of pure-needle dynamics for which the longitudinal motion is no longer free but retarded and
coupled to the transverse motion. Thus the following fundamental questions emerge: can the pure-
needle reptation picture still apply, and how does it breaks down or is modified for composites? Is
there any phenomenon unique to the studied system, and how do the multiple length-scales con-
trol rod dynamics? We attempt to provide a theoretical understanding based on our microscopic
approach.
6.3.1 Analytic Results
The technical development was already discussed in Chapter 5, and the coupled self-consistent
equations for the transverse and longitudinal diffusivity of rods are given by Eq. (5.32) - (5.35).
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Here we focus on the case of static spheres, for which D(s) is set to zero. In contrast to the










= 1−φsF(rs)‖ (ε;γ) (6.19)
where ε =
√
D⊥/D‖, φs is the sphere volume fraction, γ ≡ L/2R is the aspect ratio, F(rr) is given





























where ζ0 ≡ (1+ γ)ε/
√
|(1+ γ)2ε2−1|, qn(x) is a type of the Legendre function of the second
kind given as Eq. (5.25), and cn(x) are also defined in Chapter 5. Equation (6.19) recovers the pure
needle fluid result as φs→ 0, and explicitly shows the longitudinal motion is only affected by the
spheres.
Asymptotic Forms: Renormalized Reptation
It is instructive to consider asymptotic results of Eq. (6.19) at high rod concentrations, for which the
pure polymer result yields the reptation theory scaling, D⊥/D‖,0 ∝ 1/ρ∗2r . The question is whether
such a scaling relation holds for composites, and if not, how it is modified. To this end, we consider
the limit of large aspect ratio and high dynamical anisotropy such that γ  1 and (1+ γ)ε 
1. Note these conditions imply D⊥/D‖  1/(1+ γ)2 ∼ (2R/L)2. Since ζ0 ∼ (1+ γ)ε  1, the
Legendre functions qn(x) are given in the oblate form and satisfy qn(ζ0)/q′n(ζ0)∼ qn(0)/q′n(0)+
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O(ζ0), while it is straightforward to show that c2n[γ/(1+ γ)] = δn,0 +O(γ−1), c2n+1[γ/(1+ γ)] =








































































α reflect the competing effect of the two diffusivities on the diffusion anisotropy, but one sees the
latter contribution is O(γ2) weaker than the former.
In order to find the relationship between the composite and the pure-polymer result, we rewrite
the above asymptotic relation for
√
D⊥/D‖ in terms of its pure-polymer counterpart, (D⊥/D‖)pure rod.
This can be done in the ρ∗r  1 limit (or ρ∗r & 40, in practice), where the pure rod scaling relation
is well satisfied and the diffusion anisotropy and the tube diameter scale as dT,0/L∼ 16
√
2/(πρ∗r )



























However, one realizes that the extra factor can be rewritten as (1+ 1.93φeff)−2, a form that is
analogous to the (square of the) asymptotic result for the reduced tube diameter, dT/dT,0 ∼ (1+
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0.75φeff)−1 but with a different numerical prefactor. Therefore, by identifying this factor as
















Equation (6.25) has the following physical interpretation: the rod transverse motion in entangled
composites is equivalent to the pure polymer reptation, except the tube diameter is reduced and the
reptation (longitudinal) motion is slowed down. Thus it provides a modified picture for entangled
rod dynamics, which could be coined as “renormalized” reptation. Note that Eq. (6.25) presumes
two conditions, ρ∗r  1 and D⊥/D‖ (2R/L)2, where the latter can be viewed as an additional
constraint on the time-scale separation guaranteeing the reptation motion is “fast” on the obstacle
length-scale.
While Eq. (6.25) offers physical interpretation of the entangled rod dynamics based on the
reptation-like relationship between the transverse and longitudinal motion, it is not truly predictive
for rod PNCs unless one of the diffusivities is known. However, the latter situation may be relevant
to flexible chain melts, for which the supression of the reptation motion could be decoupled from
that of the transverse motion due to the many conformational degrees of freedom, and D‖/D‖,0 in
Eq. (6.25) may be estimated reasonably by some external model. Then the combination of Eq.
(6.25) and the flexible-chain result for the tube diameter, Eq. (6.17), might provide a predictive
formula for the flexible chain diffusion. Note that Eq. (6.19) is a general prediction for suffiently
large diffusion anisotropy, and is independent of the model one uses for D‖. Thus, the renormalized
reptation “law” can be motivated from broader perspective, providing a conceptual support for an
application to flexible chain nanocomposites.
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Critical Volume Fraction
As we will see later, Eq. (6.22) predicts literal localization of the needles at a sufficiently high (or
“critical”) volume fraction, φc. The asymptotic analytic form for φc can be also obtained from Eq.
(6.22) both for the single-rod (ρ∗r → 0) and many-rod cases. For the former case, equating both
diffusivities in Eq. (6.22) to zero readily provides












Such a simple relation is not available for the many rod case, but its parameter dependence can be
predicted by using the above form of φc,0 to express Eq. (6.22) in terms of φc/φc,0. This leads to





























Equation (6.27) indicates that φc/φc,0 is a function of ρ∗r /(1+γ), which at ρ
∗
r  1 and γ 1 limit
corresponds to 2R/dT,0.
6.3.2 Numerical Results: Anisotropic Diffusion
Figure 6.7 presents a few representative calculations based on Eq. (6.19) for the transverse and
longitudinal diffusivity as a function of sphere volume fraction in the single rod (ρ∗r → 0) limit. At
fixed aspect ratios, the two diffusivities exhibit monotonic but highly anisotropic reduction where
the opposite curvatures demonstrate a qualitatively distinct response to the sphere loading due to
the extended shape of the rod. Note that the diffusivity ratio, D⊥/D‖, generally decreases with
increasing φs (see inset of Fig. 6.9) and can become strongly anisotropic as in the pure needle
reptation regime. This reptation-like slowdown of single rod motion is consistent with the spirit
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of the original derivation of the reptation model where the uncrossability constraint of surround-
ing polymers are represented by point scatters [21, 22]; such systems have been explicitly studied
by simulations [23–25] and confirmed the reptation-theory predictions. On the other hand, as a
consequence of the frozen sphere condition and its finite excluded volume, a literal and simulta-
neous localization of both diffusivities is predicted at the critical volume fraction, φc. The finite
diffusivity ratio at φs = φc is a signature of the simultaneous localization, indicating that the needle
continues to undergo the anisotropic motion until the long-time motion becomes prohibited. The
above features for the anisotropic diffusion constants are essentially unchanged in many-rod cases
(Fig. 6.8 and 6.11), while localization is predicted to occur at lower φs.
An experimentally accessible quantity is the center-of-mass (CM) diffusion, DCM ≡ (2D⊥+
D‖)/3. Figures 6.9 and 6.10 show that the slowdown of the CM motion exhibits qualitatively dis-
tinct behaviors depending on whether a pure needle entanglement network is present. For low rod
concentrations or in the single rod (unentangled) limit, DCM shows two dynamical regimes where
the low (high) volume fraction region is controlled by the transverse (longitudinal) contribution, re-
flecting the distinct roles between the side-on and head-on collisions (Fig. 6.9). This trend is more
evident for larger γ , but disappears if ρ∗r is roughly above the pure-needle entanglement crossover,
ρ∗e ≈ 10, where the reduction of DCM is controlled by the longitudinal contribution for all particle
loadings, consistent with the pure reptation picture where the long-time dynamics is slaved to the
longitudinal (reptation) motion (Fig. 6.10). Note the curvature of DCM tends to flatten out also, in-
dicating the rod-sphere collisions have qualitatively similar effects on both diffusivities; the overall
shape is mainly characterized by φc in this limit.
The physical origin of the above two behaviors of DCM can be understood as the interplay
between the two types of rod-sphere collisions and pure-polymer entanglements. In the dilute or
unentangled (ρ∗r . ρ
∗
e ) regimes, needles are free to isotropically explore the surroundings, so they
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Figure 6.7: Rod transverse diffusion constant of single rod (ρ∗r = 0) vs. sphere volume fraction
normalized at φs = 0 for four aspect ratios, γ = 1 (black), 4 (red), 8 (blue) and 16 (pink). (Inset)
Same plot for the reduced longitudinal diffusion constant.
Figure 6.8: Rod transverse diffusion constant vs. sphere volume fraction normalized at φs = 0 for
two aspect ratios, γ = 1 (dash) and 8 (solid). Results are shown for ρ∗r = 0 (black), 20 (red), 80
(blue). (Inset) Same plot for the reduced longitudinal diffusion constant.
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Figure 6.9: Reduced center-of-mass diffusion constants of single rod as a function of normalized
sphere volume fraction where φs is divided by φc, for γ = 1 (black), 4 (red), 8 (blue), 16 (pink).
(Inset) Ratio of the two diffusivities for single rod with the same color codes.
Figure 6.10: Reduced center-of-mass diffusion constant vs. sphere volume fraction for γ = 1
(black), 4 (red), 8 (blue), 16 (pink). (Inset) Results for γ = 1 with the same color codes as in main
frame.
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Figure 6.11: Ratio of the transverse and the longitudinal diffusion constants vs. sphere volume
fraction. Dashed (solid) curve corresponds to γ = 8 (γ = 1), where black, red, and blue curve
represents the result for ρrL3 = 0, 20 and 80, respectively.
experience more side-on collisions than head-on collisions, leading to the two distinct regimes as
in Fig. 6.9. In contrast, as the confinement tube emerges at ρ∗r & ρ
∗
e , the side-on collisions tend
to be prohibited by the stronger constraint on the transverse motion, and the needle encounters
the spheres primarily via the longitudinal head-on collisions. The effect of sphere addition is then
dominated by the surpression of the longitudinal motion, leading to the reptation-controlled behav-
ior in Fig. 6.10. These two pictures suggest the sphere excluded volume effect may be understood
from the following two aspects; modification of the local friction reminiscent of a single-rod in
obstacles (dominant for low ρ∗r ), or surpression of the needle dynamics mainly through blocking
of the reptation motion (important if entangled). The two situations are illustrated in Fig. 6.12.
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Figure 6.12: Two distinct physical situations where (a) the rod can freely explore the surrounding
matrix (unentangled or dT,0 > 2R), and (b) the side-on collisions are prohibited by the confinement
tube, (well entangled or 2R > dT,0). The effect of rod-sphere collisions for regime (a) and (b) are
expected to be described via the single-rod friction and the blocked reptation, respectively.
6.3.3 Literal Localization
The concept of the “blocked reptation” can be utilized to understand the localization transition
of the needles. First, the strong dynamic anisotropy suggests that the localization is generally
triggered when the faster diffusion channel (longitudinal diffusion) is lost. This statement can be
supported by the following facts: (a) DCM is always controlled by D‖ near φs = φc, (b) Eq. (6.25)
suggests D‖→ 0 indeed triggers the localization of D⊥, and (c) the localization transition can be
eliminated by artificially fixing D‖ to a non-zero value (see Fig. 6.18 for examples).
The systematic dependence is studied in Fig. 6.13 where φc is shown to monotonically decrease
with γ and ρ∗r . However, all the parameter dependence can be described in a universal manner as
follows. First, we find φc,0 ≡ φc(ρ∗r = 0) ∝ 1/γ as ρ∗r → 0 and γ  1, confirming the analytic
result (Eq. (6.26)). Physically, this suggests the single-needle localization is essentially controlled
by the effective sphere-needle excluded volume, ∼ R2L, in the spirit of a “cross” second virial
coefficient [26]. Second, finite rod concentration effects enter via a multiplicative factor, φc/φc,0,
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Figure 6.13: Critical volume fraction for the needle localization as a function of aspect ratio with
fixed rod number densities, ρ∗r = 0 (black), 20 (red), 40 (blue), 80 (pink). Dotted gray curve shows
asymptotic result for the single rod for which φc ∝ 1/γ as γ 1. (Inset) Ratio of the critical volume
fraction and the single-rod value as a function of rod number density scaled by 1+ γ . Each curve
corresponds to γ = 1 (black), 2 (red), 4 (blue) and 8 (pink).
and is controlled by a single variable, ρ∗r /(1+ γ), as shown in the inset of Fig. 6.13 and supported
by Eq. (6.27). Note that the latter quantity is proportional to 2R/dT,0 in the entangled regime, an
intuitive length-scale ratio that characterizes the sphere excluded volume effect relative to the pure
rod-rod confinement. Thus one may schematically interpret the many-rod localization scenario in
terms of “capping” of the tube; the long-time relaxation is disabled if the longitudinal reptaion
channel is terminated by large static obstacles (schematically shown in Fig. 6.12(b)).
6.3.4 Initial Slopes
Differentiating between whether the spheres primarily enter as a single-rod friction effect or via
the blocked reptation effect can be complicated at intermediate φs. One well-defined measure is
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provided by the initial slope of the reduced diffusion coefficients, α = logD(φs,ρ∗r ;γ)|φs=0, which
quantifies how each channel of the motion responds to an infinitesimal addition of spheres. The
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and F(rs)⊥ , F
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‖ are defined by Eq. (6.20) and (6.21), respectively.
While the single-rod limit shows a simple dependence, α⊥ ∼ γ−1 and α‖ ∼ γ0, as intuitively
understood by the transverse and longitudinal cross-sectional area (Fig. 6.14), changing the rod
concentration results in more complicated behaviors that reflect the subtle competition between
the pure needle entanglement and the sphere excluded volume effect. As shown in the inset of Fig.
6.15, the CM slope with relatively large γ demostrates clear non-monotonic behaviors where an
increase of ρ∗r first results in weakening of the sphere loading effect, while the opposite trend is
predicted for higher ρ∗r . The source of this non-monotoniciy is understood via a detailed examina-
tion of the transverse contribution (Fig. 6.15). One sees that the origin of the first weakening trend
emerges universally as ρ∗r ∼ 17 ≈ 1.7ρ∗e (independent of γ), and the second strengthening effect
starts as ρ∗r /(1+ γ)& 10, or in terms of length-scale ratio, when 2R/dT,0 & 1.45 is satisfied.
Given the meaning of these quantities, the first regime is identified as the region where the
increased entanglement removes the sphere loading effect on the single-rod friction; direct side-on
collisions are more prohibited by tightening the pure-polymer tube. On the other hand, as the tube
size becomes sufficiently narrower than the sphere size, the effect of increased sphere loading starts
to be controlled by the blocked reptation effect. There, its influence is strengthened by increasing
ρ∗r (or 2R/dT,0), and the rod center-of-mass motion tends to be controlled by the longitudinal
motion as shown by a quasi-univeral trend in Fig. 6.15 at high rod concentrations. Note the
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Figure 6.14: Initial slope of the reduced diffusivity versus aspect ratio at the single-rod (ρ∗r → 0)
limit. Black (main frame) and red (inset) curve corresponds to the slope of the transverse and
longitudinal diffusion, respectively.
Figure 6.15: Absolute initial slope of the reduced transverse (solid) and longitudinal (dot) diffusion
constants as a function of rod number density, for which γ = 1 (black), 4 (red) and 8 (blue). (Inset)
Same plot for the reduced center-of-mass diffusion with the same color code.
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Figure 6.16: Ratio of the transverse and longitudinal initial slope as a function of reduced rod
number density. Results are shown for γ = 1 (black), 4 (red), 8 (blue), 16 (pink).
crossover between the above two regimes can be demonstrated in a different manner via the ratio
of the two slopes, α⊥/α‖ (Fig. 6.16). One sees this ratio remains approximately unchanged up to
ρ∗r ≈ ρ∗e , indicating the single-rod friction picture is essentially valid for the unentangled regime.
However, this trend breaks down at larger ρ∗r when the blocked reptation effect emerges. Then the
loading of sphere affects the two diffusivities in a similar way, leading to a general trend where
α⊥/α‖→ 1 as ρ∗r /(1+ γ) ∼ 2R/dT,0 1; the blocked reptation completely describes the sphere
insertion effect in this limit.
6.3.5 Renormalized Reptation
Finally, we investigate a possible connection between the entangled rod dynamics in composites
and pure rod reptation. As discussed in Chapter 1, the reptation-tube theory [20] and the pure-
needle version of this theory [11] predict D⊥/D‖ ∝ (dT,0/L)2 at large ρ∗r where D‖ = D‖,0. How-
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ever, we also showed in Sec. 6.3.1 that a similar relation holds if γ 1 and D⊥/D‖ 1/(1+ γ)2,
suggesting the reptation picture would be modified in two ways: (a) the confinement tube is com-
pressed, and (b) the reptative motion is surpressed due to the finite excluded volume of spheres.
Note that the entangled pure-needle scaling has been employed to derive Eq. (6.25), and hence the
above law only applies at sufficently high rod concentrations.
Figure 6.17 presents a few representative calculations of the transverse diffusivity as a function
of the reduced rod concentration. The breakdown of the pure reptation theory is evidently shown
by the absence of a clear ρ∗−2r scaling regime. This is an inevitable consequence for the compos-
ites where the tube diameter and the longitudinal diffusivity are perturbed in a system-dependent
manner. Of the largest qualitative significance is the prediction of the literal localization, which
limits the dynamical regimes accessible for rods. While dilute rods generally enter the entangled
(ρ∗r & 40) regimes, their motion could be localized in the unentangled regime if γ and φs are large.
This prediction can be understood by the space-filling nature of the spheres; reptation motion be-
comes prohibited either by (i) lacking enough physical space to execute the motion, or (ii) losing
topological contribution from the fundamental dynamical mechanism due to the dominance of the
excluded volume effect.
When rods can enter the well entangled regime (ρ∗r & 40), the diffusive dynamics is well de-
scribed by the renormalized reptation as shown via the agreement between the full calculation and
the renormalized reptation calculation (Fig. 6.17). One can see the model applies in a practical
sense in the lightly entangled regime for relatively shorter rods, but the size of this region shrinks
for longer rods as the time-scale constraint between the two diffusivities, D⊥/D‖ (2R/L)2, be-
comes harder to meet.
On the other hand, the dynamical mechanism for low ρ∗r cannot be understood based on the
reptation idea. To develop insights, Fig. 6.18 studies the relative ρ∗r -dependence of the composite
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Figure 6.17: Transverse diffusion constant vs. reduced rod number density for γ = 1 and φs = 0
(gray), 0.1( red), 0.2 (blue), 0.3 (pink). Solid curves are the result of Eq. (6.19), and the dashed
curve demonstrates the renormalized reptation relation defined by Eq. (6.25). The green dash-
dot curve shows an example for a virtual calculation where the longitudinal diffusivity is kept
unchanged. (Inset) Same plot for γ = 4.
Figure 6.18: Transverse diffusivity at non-zero φs divided by the pure rod value, for γ = 1 and φs
= 0.05 (black), 0.1 (red), 0.2 (blue). Dotted blue curve corresponds to γ = 4 and φs = 0.1.
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result with respect to the pure-needle analog. At intermediate rod concentrations above ρ∗e but
below the well entangled regime, the ratio is nearly independent of ρ∗r . This perhaps supports the
validity of the pure-needle-like dynamics in an approximate sense and implies that the addition
of spheres essentially appeares an increase of the single-rod friction. However, one must recall
that the blocked reptation effect is also present, as discussed in Sec. 6.3.4 and indicated by the
non-monotonicity in Fig. 6.18, so that the above statement cannot be rigorous unless in a (trivial)
asymptotic regime, ρ∗r → 0.
Finally, we briefly test the generality of the renormalized reptation relation for an externally
modeled D‖. The simplest example is given by the “unperturbed reptation” model where the
second equation of Eq. (6.19) is fixed to unity. One can verifiy the two statements discussed
above: (a) the literal localization transition disappears unless the reptation motion is disabled, and
(b) renormalized reptation is always guaranteed to occur at large ρ∗r where D⊥ = (dT/L)
2D⊥,0.
Note that the tube reduction effect eventually becomes negligible as ρ∗r  1, so that point(b) agrees
with the pure reptation dynamics in this limit.
6.4 Summary and Discussion
In summary, we have constructed a first-principles theory for tube localization and long-time dy-
namics of a fluid of topologically entangled needles dissolved in a matrix of fixed hard spheres.
The theory treats the topological entanglements and the sphere excluded volume in a unified frame-
work, providing a generalized theory of entanglements. In the first half of the Chapter, the relative
reduction of the needle tube diameter is shown to be a function of a single confinement parameter,
φeff, which physically quantifies the number of particles that penetrate into the bare tube while
maintaining the excluded volume constraint of the sphere. The full anharmonic tube confinement
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potential is constructed based on Non-linear Langevin Equation approach, and it is almost univer-
sally controlled via the effective tube diameter in a sense that: (a) the un-normalized transverse
displacement distribution has a quasi-universal form if dT is used as a unit of length, and (b) maxi-
mum confinement force is quantified by the tube diameter. A preliminary extension to treat flexible
chain melts was also discussed based on recently-developed mapping approaches, yielding reason-
able agreement with simulations for modest size (2R ≈ dT,0) nanoparticles, but the treatment of
larger nanoparticles requires further study.
In the second half of this Chapter, the anisotropic diffusion constants of needles as a function of
aspect ratio, needle concentration and sphere volume fraction were studied. We found the dynamic
anisotropy is always enhanced by sphere addition, and the effect of the sphere excluded volume
is qualitatively different in the unentangled and entangled regimes. At low rod concentrations,
spheres affect the rod diffusivity in a highly anisotropic way, in which the transverse motion is
more rapidly retarded than the longitudinal one. If the needles are entangled, the reduction of the
two diffusivities shows qualitatively similar trends due to the large coupling of the parallel and
perpendicular motions induced by the dominance of head-on collisions. The latter also leads to
a unique behavior of the center-of-mass diffusion, which is mainly controlled by the longitudinal
reptation motion or the blocked reptation effect. At high sphere loadings, the steric blocking of
the longitudinal motion leads to the literal localization of needles. This localization transition is
universally understood in terms of the ratio between the sphere diameter and the needle length or
bare tube diameter, which could be schematically interpreted as “capping” of the tube in entan-
gled cases. Finally, a modified version of the reptation theory is derived theoretically and verified
numerically. For a limited-size window of γ and φs, the needle is expected to diffuse via “renormal-
ized” reptation where the basic reptation picture holds except the confinement tube is compressed
and the longitudinal motion is surpressed.
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This work establishes the starting point to develop new theories for a variety of open problems
involving topological entanglements and finite excluded volume obstacles, such as (i) the role of
filler mobility on tube confinement and transport, (ii) inclusion of non-random packing effects and
intermolecular attractions (composite microstructure) on entangled polymer and filler dynamics,
(iii) a more rigorous treatment of flexible chain nanocomposites. We will discuss point (i) briefly
in the final Chapter.
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Chapter 7
Summary and Future Directions
In this dissertation, new microscopic theories for describing the dynamics of both particles and
polymers in polymer nanocomposites have been developed and applied. Chapters 2, 3 and 4 dis-
cussed the transport of a single or two nanoparticles in unentangled and entangled melts. In Chap-
ter 2, we formulated a predictive theory for the violation of the Stokes-Einstein diffusion law of a
spherical nanoparticle based on a combination of mode coupling, Brownian motion, and polymer
physics ideas. The non-hydrodynamic friction coefficient is expressed in terms of the coupling
of force relaxation and the length-scale-dependent collective polymer density fluctuations. We
showed that its contribution from collective Rouse relaxation provides D ∝ 1/R3, which micro-
scopically derives the prior Brochard-de Gennes scaling result now with numerical prefactors. The
recovery of SE behavior is quantitatively predicted, and estimated to occur at R/Rg ≈ 3/2 for
unentangled melts, in strong contrast to R/dT ' 5 for heavily entangled liquids.
In Chapter 3, the theory was generalized to treat relatively small (sub-tube-diameter) parti-
cles using the self-consistent Generalized Langevin Equation method. The particle self motion is
self-consistently included as a parallel channel of force relaxation, which introduces a time-scale
competition between nanoparticle motion and the polymer constraint release mechanism. As the
NP diameter decreases, its motion starts to decouple from the entanglement constraints, and the
diffusivity exhibits a sharp crossover around 2R≈ dT from constraint-release-controlled transport
to the entanglement-free motion. In this crossover region, the predictions are in excellent agree-
171
ment with molecular dynamics simulations for all particle sizes and chain lengths studied, and the
Gaussian assumption for nanoparticle motion is shown to be reasonable for lightly entangled melts.
The nanoparticle mean-square displacement is increasingly anomalous at intermediate times as the
particle diameter increases and becomes more coupled to the entangled polymer network.
A different extension that treats the relative diffusion of two spherical nanoparticles is for-
mulated in Chapter 4. For mesoscopic particles (2R ≥ dT ) in entangled melts, an expression for
the particle surface-to-surface separation (h)-dependent relative friction coefficient is obtained in
a manner analogous to the single-nanoparticle non-hydrodynamic friction. However, since two
independent length-scales (2R and h) control the diffusivity, the hydrodynamic violation effect is
quantified in a two-fold way; the overall magnitude of the relative diffusivity is to the leading order
controlled by the single-particle Stokes-Einstein violation effect, while the separation-dependent
mobility enhancement relative to the hydrodynamic behavior is essentially independent of the par-
ticle size. Consequently, even if the single-particle SE violation effect is weak for mesoscopic
particles, the relative motion experiences non-trivial enhancement as the interparticle separation
becomes small compared to the tube diameter.
Chapters 5 and 6 focused on the dynamics of inifinitely-thin rods in a matrix of hard spheres. As
a fundamental theoretical development, the two-component generalization of the dynamic mean-
field approach was presented. The theory imposes the exact two-body inter-rod topological un-
crossability and the rod-sphere impenetrability constraint in a unified framework, formulating a
generalized description of entanglements that includes the confinement effect due to nanoparticles.
The self-consistent equations for the rod and the sphere diffusion tensor are obtained in terms of
the particle and rod sizes, concentrations and packing structures, and its specialized forms for the
diffusion constants and transverse localization length were derived.
Specific predictions for the case of static obstacles were obtained in Chapter 6. In the first
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half, the transverse localization length and the associated full tube confinement potential were
calculated. We find the tube diameter is generally reduced with nanoparticle loading, and the
reduction is essentially described via a single effective confinement parameter that quantifies the
number of particles penetrating into the bare tube. The dynamic tube confinement potential is
found to be anharmonic, consistent with the pure needle result, and almost universally controlled
by the effective tube diameter. A preliminary extension for flexible chain melts was also presented,
and is in reasonable agreement with MD simulation recovering (i) the location of the crossover
from polymer entanglement to NP confinement as a function of the NP volume fraction, and (ii)
the overall reduction of the tube diameter. The second half of Chapter 6 studied the anisotropic
diffusion of rods in both unentangled and entangled regimes. The dynamic anisotropy is always
enhanced by the addition of nanoparticles, and the literal localization of the needles due to the steric
blocking of the longitudinal motion is predicted, where the critical volume fraction is universally
controlled by the needle-particle aspect ratio and the particle-to-tube-diameter ratio. For a rather
narrow window of rod lengths and sphere loadings, the transverse and longitudinal diffusivity
satisfy the same functional relationship as for pure needles, suggesting the basic mechanism of
reptation may hold for composites but the reduction of the confinement tube and the blocking of the
longitudinal motion must be taken into account. This “renormalized reptation” regime is a general
prediction of the theory if the longitudinal motion remains non-zero at high rod concentrations,
suggesting a possible applicability to flexible chain nanocomposites.
There are many future research opportunities in both the nanoparticle and the polymer dynam-
ics areas. For example, we have already addressed the problem of nanoparticle shape anisotropy,
and formulated the non-hydrodynamic expression for the translational and rotational diffusivity
based on a generalized version of the Mode-Coupling approach appropriate for molecular liquids.
The non-spherical particles are modeled as a rigid object of arbitrary shape (Fig. 7.1) consisting
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Figure 7.1: An example of non-spherical particles consisting of bonded tangential beads.
of a number of bonded tangential hard sphere beads, and the theory can calculate the rotational
diffusion (Stokes-Einstein-Debye violation), decoupling of translational and rotational diffusion,
etc.. This work, or that from Chapter 4, can be also combined with the GLE approach to study the
time-dependent mean-square displacement for the orientational or relative motion, respectively.
The grand challenge is, of course, the effect of higher non-zero nanoparticle concentration, where
interparticle correlations and the particle excluded volume will modify the nanoparticle dynamics,
equilibrium packing structure, and polymer dynamics. Here, one may utilize the result of Chapter
6 to include the nanoparticle effect on the tube diameter and the long-time diffusivity.
For the polymer dynamics problem, many important directions can be pursued such as (i)
investigating the role of nanoparticle mobility, (ii) the effect of non-random packing structure,
and (ii) a more rigorous treatment of flexible chain nanocomposites. Theoretical formulations for
points (i) and (ii) are essentially complete, and a preliminary work is ongoing for point (i). If one
allows the particles to move, all three diffusivities (transverse and longitudinal for rod, center-of-
mass for sphere) must be determined self-consistently and depend on the current set of system
variables and the “bare” nanoparticle diffusivity, D(s)0 . As D
(s)
0 decreases with respect to the bare
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Figure 7.2: Reduced center-of-mass diffusion constant of single rod as a function of sphere volume
fraction. Black, red and blue curve corresponds to D(s)0 /D
(r)
‖,0 = 0.1, 1, and 10, respectively.
rod diffusivity, the nanoparticles behave more like the static obstacles studied in Chapter 6, in
contrast to the opposite limit where the rod motion can remain almost unaffected by the addition
of spheres (Fig. 7.2). It would be interesting to construct a dynamic phase diagram for a given D(s)0 ;
the arrested phase may or may not exist, and different localization scenarios (one-step or two-step)
may be predicted depending on a parameter choice. Also, the crossover between the renormalized
reptation and the pure-polymer reptation mechanism is anticipated as a function of the nanoparticle
mobility.
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